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ISS and iISS

> oa) = f(2(@),r(@))

ISS (Input-to-State Stable) ...Sontag(1989)

16 € KL . global asymptotic stability
Jy e K . nonlinear gain function

2(1)| <B(|2(0)], 1) + (SUP,efoq Ir(D]),  VE€[0,00)

s.t.  for any z(0) € RY,

iISS (integral Input-to-State Stable) ...Sontag(1998)

18 € ICL . global asymptotic stability
dnell, dJuelk

t
2(8)] < B(|z(0)], ) + n (/Omr(fmdf) . Vte[o, 00)

s.t. for any z(0) € RY,



Positive Definite(P), Class K, Class Koo, Class KL

invertible on [0, co)

a(s) a(s) ao(s)
} o € P D s a €K D s a € Ko
0 - S 0 - S 0 " S
Jim, a(s) = oc
BeKRL
: B(s, fixed) B(fixed, ) )




ISS and iISS

> oa) = f(2(@),r(@))

ISS (Input-to-State Stable) ...Sontag(1989)

16 € KL . global asymptotic stability
Jy e K . nonlinear gain function

lz(1)| <B(|z(0)], ) +~ (supTE[o 0 |r<7>\) vt € [0, 00)
0-GAS bounded

s.t.  for any z(0) € RY,

iISS (integral Input-to-State StLble) ...Sontag(1998)
18 € ICL . global asymptotic $tability

N
I e K, 3ueck s.t. for any xz(0) € R*Y,
¢
2 <B(2(0)], 1) + 7 (/Omrm\)dT) . VtE[0, 00) 0-GAS
-~ . iISS
0-GAS can be unbounded C

pY larger upper bound



Lyapunov Characterization of ISS and iISS

oV
a—f(x, r) < —a(V(zx))+o(lr]), Jo €K,V  sontag&wang'9s, Angeli et al.'00
xXr

Ja € P & = fis iISS.
Ja € K s.t. Sll_)l’go a(s) = oo or s“—@o a(s) > SII_)I’QO o(s) & x=fisISS.
Examples: «a(s) = s , 0(s) = s ... ISS  ,Gain=aloocek
a(s) =s , o(s) = i . ISS  ,Gain=alococek
s+ 1
2s S
= = . ISS |, Gain=a"1 K
a(s) P , o(s) P a To0 €
2
a(s) = i , o(s) = i - non-ISS ... infinite
s+ 1 s+ 1
a(s) = s-i I o(s) =s .- non-ISS ... infinite
A S
iISS

4

non-ISS
C ISS )
0 S
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Lyapunov Characterization of ISS and iISS

oV
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Examples: a(s) =
a(s) =
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0 S
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Examples Is Everywhere

Examples arise in <

\

Actuation rate &
Processing rate |
Decay rate
Reaction rate
Production rate

Tracking _ Dissipation Disturbance

Data processing Throughput mArriving amount

Traffic processing - @-

Biochemical processes Removal Displacement

Production lines Consumption Queue
Conversion Supply

(s)

A

Limitation of rate

Displacement

. s Queue

O

Supply

Actuator limitations, Michaelis-Menten (Monod) Kkinetics, Limited capacity/resources



Examples Is Everywhere

Tracking _ Dissipation Disturbance
Data processing Throughput mArriving amount
. Traffic processing ) @
Examples arise in < ) : .
Biochemical processes Removal Displacement
Production lines Consumption Queue
Conversion Supply

\

Actuation rate 04(8)

Processing rate ¢
/ / Limitation of rate

Decay rate
Reaction rate
Small input

Production rate

Displacement
. ¢ Queue
0 Supply

The internal quantity remains bounded.




Examples Is Everywhere

Tracking _ Dissipation Disturbance
Data processing Throughput mArriving amount
. Traffic processing ) @
Examples arise in < ) : .
Biochemical processes Removal Displacement
Production lines Consumption Queue
Conversion Supply

\

Actuation rate 04(8)
Processing rate t .
Docay rat% Large input
Reaction rate

Production rate

Limitation of rate

Displacement
Queue

Supply
The internal quantity increases unboundedly.
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Two Central Tools in Lyapunov-Based Analysis and Design

z(t) = f(x(t), w(t))

V(z): A Lyapunov function in the presence of the external signal w

Scaling

@)1, w) = Rz, w)

W = u(V) U pneS ={KsoncCl /(s) >0, Vse (0,00)}

2 @) fw) = (V@) R, w)

Dissipation inequality

O @ f @ w) < —aVE)+olul) {

ISS, if a dominates over o
IISS, otherwise.

Questions to be answered

e Under what condition does an iISS (resp. ISS) dissipation inequal-
ity remains iISS (resp. ISS)?

e Limitations, Explicit (less conservative) formulas, Benefits?



Why Important? Useful?

Preservation of iISS

Small-gain arguments emerge.

Preservation of ISS

Gainfe

Y

Gain

Gainp

Gain

L*Ga”r»

Gain—~G

ain

At least one system in a loop is necessarily ISS to guarantee sta-

bility of the loop.

Explicit formulas of scalings

Having a Lyapunov func. is useful for
controller design;

ISSk

Gain

Y

———

g

_ontrolle

ﬁ_

L ISS ~—Gain
GainF~Gain—Gain
non-

ISS

-

-+

<
<

=

>

—

JT_T

allowing other component systems to be weaker than ISS.

Flexibility in Lyapunov functions can lead to a better controller.



Observations

e Scalings do not always preserve iISS of dissipation inequalities:
2V

oV >
%(az)f(w,w) < TV + w
=uwv=v2U
1% oV
—(a:)f(a: w) < 2V1—|——V + 2V w? £ —a(W) + o(|wl)

Large V prohibits “< a(Jw]|)".

e For interconnection, better scalings give a simpler Lyapunov function:

2
. L1 5391:17 ) 8331
1= — + .

242 4@ +2)@3+3) 2 T T +09

With Vi = 2%/2 and Vo = 23/2, the iISS small-gain theorem
(Ito&Jiang '09, Ito '13) verifies GAS of (x1,z2) = 0 through

(1) Va(z2)
Vi) /1 1[8—i1]26[73+6] +/2 ; 26[43+6]27d8'

but numerical computation hints that 26,27 can be made smaller.




IISS Preservation: A Necessary Cond. and A Coarse Estimate

VRN - Ry, €l positive definite, radially unbounded
acP, cek }
Assume pe S in W(x) = u(V(x)).

Theorem 1 (A necessary condition in the non-ISS case) ﬁ;ﬁﬂ‘g%sghj;ists_
Suppose that\;i_)rgo a(s) < Jim a(s)/. Then

iISS. but not ISS

da e P, 0 € K s.t.

WV (@) [~a(V (@) + o(|w)] £ —a(W () +5(lw)), Yz € RY, w e RM
U, -+« (TransformedDI)

limsup i/ (s) < co.
S— 00

Given {

Note:

) < —aV@)o(ul) = S2iGw) < (V@) [Fa(V (@) + o))

10



IISS Preservation: A Necessary Cond. and A Coarse Estimate

. VRN 5 R, ¢l positive definite, radially unbounded
Given + .

acP, cek
Assume u € S.

Theorem 1 (A necessary condition in the non-ISS case) /ssuming that

Suppose that\sll_>rgoa(s) < lim a(s)/. Then

S— 00

iISS. but not ISS
da e P, 0 € K s.t.

W (V (@) [~V () + o(Jw))] < —a(W () + 7 (|w]), Vo e RV, w e RM
U -+« (TransformedDI)

limsup ' (s) < co.
S— 00

Proposition 1 (A coarse estimate)
limsup p/(s) < oo
S— 0O

U

a=[ou Naou 1 eP, 6= sup /(1) o € K satisfy (TransformedDI).
ZER_l_

lims_ oo a(s) exists.

10



11
IISS/ISS Preservation: Division Approach

P (V) [-a(V(x)) + o(Jw))] < —p/(V(2))a(V(2)) + 1/ (V(2))o(|w]))
< —ax(W(x))+o«(Jw]) 7 (TransformedDI)
Division technique (ISS---Sontag&Teel'95, iISS---1t0'06):
1
((@)za, for a> 1o } < Le(@)a + ((ro)o

((ro)o, for a<rto T . Positive constant

po = ((a)o < {

Theorem 2 Assume that € S and a € K satisfy
1'(s) is non-decreasing;
Jim a(s) < lim o(s) = liMs—oo 1 (s) < oo.
Then there exists 7>1 such that (TransformedDI) holds with
ap = [ o p™1] [(1 1) QO ;fl] e P .- IISS preserved

T

op= [ oa®oroloceK .

a~(s)
a~1(s) if TII_)I’EIO a(t) > s 9[\0 a;(s)

where a®(s) = ,
00 otherwise
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IISS/ISS Preservation: Division Approach

P (V(2)) [-a(V(2)) + o(JwD] < —p'(V(z))a(V(2)) + 1/ (V(z))o(Jw]))
< —ax(W(x))+o«(Jw]) 7 (TransformedDI)

Division technique (ISS---Sontag&Teel'95, iISS---1t0'06):

C(a)%a, for a > 1o
((to)o, fora<rTo

wo = ((a)o < { < 2¢(a)a+((ro)o

T . Positive constant
Theorem 2 Assume that € S and a € K satisfy
1'(s) is non-decreasing;

Jim. a(s) < oo = |liMg—oo ' (5) < 00.
Then for any 7 > 1, (TransformedDI) holds with
ap = [ o p™1] [(1—%) QO ;fl] e P .- IISS preserved
op=|[woa®orco]loc € K. .- Idea of less conservative estimate
Furthermore, if lim a(s)=occ or (r—1) lim u(s) > Jim_ 1 oaora(s),
SII_)I’QO a(s) =o0 = s“—q;o ap(s)=oc

: . . R , R ... ISS preserved
Jm,a(s)> Jimo(s) = Jim ap(s)> Jim op(s)
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IISS/ISS Preservation: Division Approach

P (V(2)) [-a(V(2)) + o(JwD] < —p'(V(z))a(V(2)) + 1/ (V(z))o(Jw]))
< —ax(W(x))+o«(Jw]) 7 (TransformedDI)

Division technique (ISS---Sontag&Teel'95, iISS---1t0'06):

C(a)%a, for a > 1o
((to)o, fora<rTo

wo = ((a)o < { < 2¢(a)a+((ro)o

T . Positive constant
Theorem 2 Assume that € S and a € K satisfy
1'(s) is non-decreasing;

. . /
SII_)ﬂ(’)]@ a(s) < oo = liMg—oco ' (s) < 00.
Then for any 7 > 1, (TransformedDI) holds with
ap = [ o p™1] [(1—%) QO ;fl] e P .- IISS preserved
op=|[woa®orco]loc € K. .- Idea of less conservative estimate
e o B : / : IO
Furthermore, if Jim. a(s)=ooc or (t—1) Jim g (s) > Jim poa oto(s),

\

always achievable by 1/(s) = a(s)?B(s),
(B8 : Ry — R4+ any non-decreasing)
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ISS Preservation: Legendre-Fenchel Transform Approach

p'(V(x)) [—a(V(z)) + o(jw])] < —p'(V(2))a(V(z)) + 1/ (V(z))o(|w]))
< —ax(W(x))+o«(Jw]) 7 (TransformedDI)
egendre-Fenchel approach (Praly&Jiang’'93):
po < k(p)+¢x(o) for any k,k’ € ,CSOO
LF transform: ¢k(s) := /o ()N DAl = s(k)71(s) — ko (k) 7(s)
Theorem 3 Assume that € S and a € K satisfy

1/ (s) is non-decreasing;
. . /
Jim. a(s) < oo = Jim p (s) < 0.

Then (TransformedDI) holds with

&Lz[,u’o,u_l] [ozo,u_l}—ﬁ;o,u’o,u_l Ry — R

6, =min{tkoo, lim y/'()o} ek .
Remark: If ay € P, then iISS is preserved.

If Sli_>ngoaL(s):oo or 8Ii_)n;|064L(s) >8Ii_>@O3L(s), then ISS is preserved.
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ISS Preservation: Legendre-Fenchel Transform Approach

p'(V(x)) [—a(V(z)) + o(jw])] < —p'(V(2))a(V(z)) + 1/ (V(z))o(|w]))
< —ax(W(x))+o«(Jw]) 7 (TransformedDI)
egendre-Fenchel approach (Praly&Jiang’'93):
po < k(p)+¢x(o) for any k,k’ € ,CSOO
LF transform: ¢k(s) := /o ()N DAl = s(k)71(s) — ko (k) 7(s)
Theorem 3 Assume that € S and a € K satisfy

1/ (s) is non-decreasing;
. . /
Jim. a(s) < oo = Jim p (s) < 0.

Then (TransformedDI) holds with

&Lz[,u’o,u_l] [ozo,u_l} — ko op~ 1 Ry — R
6, =min{tkoo, lim y/'()o} ek .

How to find such k, k' € Koo?
Remark: If a; € P, then iISS is preserved. o >

If Sli_>ngoaL(s):oo or 8Ii_)n;|064L(s) >8Ii_>@O3L(s), then ISS is preserved.
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Relation between the Division and the LF Approaches

P (V(2)) [-a(V(2)) + o(Jw))] < —p/(V(2))a(V(2)) + 1/ (V(2))o(|w]))
< —ax(W(zx))+o«(Jw]) 7 (TransformedDI)

Theorem 4 Assume that € § and o € K satisfy
1 (s) is strictly increasing;
Jim. a(s) < oo < Jim u'(s) < oo;
Then for any 7 > 1, there exists xk € Koo such that ' € K- and
ar(s) > ap(s), Vs € R_|_
or(s) < op(s), Vs € R_l_
LF approach Division approach

Remark:

e In preserving iISS/ISS, the LF approach gives tighter estimates.

1 1
e Two explicit choices: k(s) = =s[aoAX°(s)] , K'(s) = Za o A°(s)
T T



Interconnection of Two IISS Systems

2 9

Assumption

T here exist

>q1:x1=f1(z1,22) -

T T
- >otxp= fo(x1,72)
o= 3
T
positive definite, radially unbounded, C1
functions V; : RNVi R, i=1,2, such that
a, €, 0, € K

oVq
8—f1 < —a1(Vi(z1)) + o1 (Va(z2))
a‘x/l V:L’E]RN

2
8—952f2 < —ao(Vo(zp)) + 02(Vi(z1))

i.e., X, is iISS w.r.t input (x3_;,7;)

14
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IISS/ISS Preservation Leads to Small-Gain Theorem

> ! L1

\

<
<

&

D

>
=

21 lea?ocal
2 5 fyzzagocag

T heorem (Ito&Jiang '09)

There exists ¢ > 1 such that
Vs € [0, 00)

Y1 © 72(8)/ < s,

. S  \u

2 4 25

o

Loopvgain

L2

GAS---x = 0 is globally asymptotically stable.

—> ¥ is GAS
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IISS/ISS Preservation Leads to Small-Gain Theorem

21 fylzoz?ocal <

5 T & > o

- 2 5 fyzzagocag

\
T heorem (Ito&Jlang '09) GAS. ..z = 0 is globally asymptotically stable.
There exists ¢ > 1 such that

R VQ(S)J <s, Vse&[0,00) —> ¥ is GAS
Infivnite Bouﬁded

Loopvgain
—1
1 : : T, (s)
a; (s) if lim oa;(7) > s 00
where aP(s)={ ¢ 00 |
i (5) { 00 otherwise T O%:(S)
S S
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5 T & > o
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Infivnite Bouﬁded

Loopvgain

e —<
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IISS/ISS Preservation Leads to Small-Gain Theorem

oV

> —lfl < —a1(V1) +o01(V2) =
ox1

> ¢ 1 .

oA%

So: 2 fo < —aa(Va) + 02(VA)
O0xo

\
Theorem (Ito et al.’11) GAS. ..z = 0 is globally asymptotically stable.

T here exists ¢ > 1 such that

71 © 120s) <s, Vse[0,00) —> ¥ is GAS
> >,
Loopvgain
Furthermore, a Lyapunov function is
V(z) = p1(Vi(z1)) + po(Va(zo))
where ,ué(s)zozi(s)9003_i7i(s)90+l with any ¢ > 0 satisfying
T p+1
Jr € (1, ] s.t. (—) <7 -—1.

C
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IISS/ISS Preservation Leads to Small-Gain Theorem

oW . _

> L < —a1(Vi) 4+ 61(a) |
0x1

> 1 2

ow. N .

PIDY 2f2 < —ax(V2) + 62(V1)
0xo

\
Theorem (Ito et al.’11) GAS. ..z = 0 is globally asymptotically stable.

There exists ¢ > 1 such that
oo 20s) <s, Vse[0,00)  — 5 i gAS

e >
) Loopvgain ’
Furthermore, a Lyapunov function is
V(z) = p1(Vi(z1)) + po(Va(zz))

where pf(s) =a;(s)%Po3_;;(s)?T1 with any ¢ > 0 satisfying

\pt+1
dr € (1, ] s.t. (—) <7t —1.

C




Remarks on the Small-Gain Theorem

e de > 1 s.t. v1 o Yo(s) < s, Vse Ry -+ (SG)
IS also necessary for the existence of a uniform gain margin.

16



Remarks on the Small-Gain Theorem

e dc > 1 s.t. aleocaloagocag(s) <s, VscRy - --- (5G)
IS also necessary for the existence of a uniform gain margin.

17
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Remarks on the Small-Gain Theorem

e de > 1 s.t. 041@ 0 coq O oz? ocop(s) <s, VscRp --- (5G) tlght
IS also necessary for the existence of a uniform gain margin.

e For the Lyapunov function
V(z) = p1(Vi(z1)) + po(Va(zo)),  pi(s) =a;(s)Poz_;;(s)?T1,

e+1
there always exits ¢ > 0 satisfying 37 € (1, ] s.t. (Z> <t —1.
C
But, an example is 600
0 =20 if ¢ > 2 500 |
__p
p Tl < (Pfrl < 1 otherwise 400 | ¢ becomes very large
5300 | if (SG) holds only marginally.
200 ||POSSIDlY conservative
100 |
0



Lyapunov function of Interconnection via LF transform

r
oV

> —1f1 < —a1(Vi) +o1(V2)
0x1

> ! L1 T
oV-

o 2o —2f2 < —as(Va) 4+ 02(V1)
0xo

A

\

Theorem Suppose that (SG) holds.
Using “;@b = oszagbj'il for s = 1,2, define

Qs Ojap s """ LF transform
Then
(i) If ¢ = ¢, there exists ¢ > 0 satisfying
Qo (8) — 034 4(8) > ep y(s)ay(s), Vs e Ry i =1,2. .- (SP)

(ii) If there exist 1, e > 0 satisfying (SP), then

Vi(z) = py (Vi(z1)) + po (Va(z2))
establishes GAS of 2.
Tighter estimates (&; y,7;,) Yield smaller 1.

18



Benefit of Developed Formulas: Numerical Tractability

Proposed formulation

e Search for a scalar constant i satisfying

Q; p(8) —03_;(8) = e,u;’w(s)ozi(s), Vse Ry, i=1,2.
e [ he existence of such % is guaranteed.
e An upper bound of such 2 is known.

e Increase ¢ as 1,2,3... until (SP) holds.
Alternatively, decrease ¢ from the upper bound.

Original formulation

e Search for a function u € S satisfying

>
> (Vi) {—i(Vi(z)) + 0i(Va_i(z3-4))}
i=1 5

< —e Y pi(Vi(@))ai(Vi(zy)), V(wy, ) € RNT2
i=1

... (SP)

.- (OP)

19
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Example 1: Complexity Reduction of V by LF Transform

( aV;
2.1 a—ifl < —a1 (V1) +o01(V2) =
2 < L] p o
V-
2 0! 8—:Ijzf2 < —as(V2) 4+ 02(V1)
\
. . . 5s 5
IISS-ISS interconnection: ai(s)= —|—1 71(s) = e ao(s)=s, 02(8):73—7—6
Vi(z1) s 126 Vo(z2) 27
vo=[ 1 e etk *lare
0 s+1 7s+6 4s+6
J
Vilen) s 121 5s 13 VQ(:EQ)Q 55 13 >,: LF transform
vl e e
0 s+1 7s+6 0 4s+6 >5: LF transform
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Example 1: Complexity Reduction of V by LF Transform

( OV
29! 8—if1 < Oél(Vl) + Ul(VQ) <
¢ M 5 2
v
- 2 5! 8—:Ijzf2 < OéQ(VQ) + UQ(Vl)
\
. . . B5s 5
IISS-ISS interconnection: ai(s)= —I— o 1(3)—4 s , az(s)=s, 02(8):73—7—6
Vi(z1) s 126 Vo(z2) 27
vo=[ [ e ot ]
0 s+1 7s+6 4s+6
J
Vilen) s 121 5s 13 VQ(:EQ)Q 55 13 >,: LF transform
Viz)= [ ] [ ] ds—l—/ S [ ] ds
0 s+1 7s+6 0 4s+6 >5: LF transform

5 5g 16 Va(z2) 5 16 3. _
of. V(z)= [ i ] [ i ] ds—l—/ 35[ i ] ds
0 s+1 7s+6 0 4s+6 >5: LF transform
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Example 2: Complexity Reduction of V by LF Transform

( oV;
29! 8—if1 < Oél(Vl) + Ul(VQ) <
>{ 1 2
oV;
- 2 5! —2f2 < OéQ(VQ) + UQ(Vl)
0xo
\
) ] . s o 4s o o 8s
[SS-ISS interconnection: au(s)=——, 1) =g 1y @) =% =)=

Vi(z1) s 39 Ss
R :

V)= L+1 5(s+2)

Vo(xo) 40
0

40
] d3_+m/‘ i 5(s+1)

Vo(xo)

S 1 2
V@)=, L+—1] !5(s-|-2)] +/ [5(s+1)] s
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Example 3: ISS Preservation is Not Necessary for Interconnection

29 27
. ) 4
ISS-ISS interconnection: ixl(s)zsjl, 02(8):58_7;5/, az(s) =5, o‘l(s):i
marginglly ISS ISS by a large margin
Scalings -« +-cveeeiii w1 preserving ISS uo preserving ISS
Vi(z1) 17 18 Vo(z2) 18
4
vor= )] e e [ e
0 s+1 4 5545
Scalings - -« coeeiee 1 preserving iISS uo preserving ISS

V- Vo(xo)
V(x):/o L+1]OH . / 0[53+5]1d8

Key idea of iISS small-gain theorem beyond ISS (Ito&Jiang’'09).
e Only one of the two systems 2_; is necessarily ISS.

e One system can compensate weak stability of the other system.
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ISS Preservation is Not Necessary for Interconnection (cont’d)

Key idea of iISS small-gain theorem beyond ISS (Ito&Jiang’'09).

e Only one of the two systems 2,

IS necessarily ISS.

e One system can compensate weak stability of the other system.

/

PIR

\

L1

T here exists ¢ > 1 such that

Y1 ©

’

Y¥2(s)

Loopvgain

ﬁ '

| A

| N\

< s,

g
=

Vs € [0, 00)

21 ’)/1:041@0601=
& > |z
2o ! 72204?0002
——> X is GAS



Conclusions

Manipulating dissipation inequalities by scaling Lyapunov functions

e Flexibility reduces greatly when decay rate is radially vanishing.

e Explicit formulas to preserve iISS/ISS dissipation inequalities.

Division approach
LF transformation approach

e [ he division approach is a special case of the LF transform.

e T he iISS small-gain theorem is revisited via the LF transform.
— Complexity of Lyapunov functions can be greatly reduced.
— The reduction is beneficial in controller design.
— ISS preservation of all components is not necessary.
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