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State-Dependent Scaling Problems and Stability of
Interconnected 1ISS and ISS Systems
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Abstract— This paper addresses the problem of establishing
stability of nonlinear interconnected systems. This paper intro-
duces a mathematical formulation of the state-dependent scaling
problems whose solutions directly provide Lyapunov functions
proving stability properties of interconnected dissipative sys-
tems in a unified manner. Stability criteria are interpreted as
sufficient conditions for the existence of solutions to the state-
dependent scaling problems. Computing solutions to the problems
is straightforward for systems covered by classical stability
criteria. It, however, could be too difficult for systems with strong
nonlinearity. The main purpose of this paper is to demonstrate
the effectiveness beyond formal applicability by focusing on
interconnected integral input-to-state stable(iISS) systems and
input-to-state stable(ISS) systems. This paper derives small-
gain-type theorems for interconnected systems involving iISS
systems from the state-dependent scaling formulation. This paper
provides solutions and Lyapunov functions explicitly. The new
framework seamlessly generalizes the ISS small-gain theorem
and classical stability criteria such as the £, small-gain theorem,
the passivity theorems, the circle and Popov criteria. State-
dependence of the scaling is crucial for effective treatment of
essential nonlinearities, while constants are sufficient for classical
nonlinearities.

Index Terms— Nonlinear interconnected system, dissipation,
Lyapunov function, integral input-to-state stability, input-to-state
stability. small-gain condition

I. INTRODUCTION

N the literature of nonlinear control theory, a great deal

of effort has been put into the problem of finding useful
formulations of conditions under which interconnected sys-
tems are stable. One of significant contributions is the stability
theory developed in [1], which unifies previously known
stability criteria and provides Lyapunov versions of input-
output stability results such as the £, small-gain theorem, the
passivity theorems, and the circle and Popov criteria. Another
major development which presently plays an important role in
nonlinear control analysis and design is the ISS small-gain the-
orem also known as the nonlinear small-gain theorem[2], [3].
A small-gain theorem which brought about the ISS small-gain
theorem was originally formulated by Hill[4], and Mareels and
Hill[5], and that was extended in the ISS framework by Jiang
et al.[2] which was also further generalized by Teel[3]. The
effectiveness of the ISS small-gain theorem is evident when
systems have essential nonlinearities described by the input-to-
state stable(ISS) property[6]. It is, however, known that there
are systems for which ISS is too strong requirement[7], [8].
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One has yet to develop a stability theory which encompasses
much broader classes of interconnected systems. For nonlinear
systems, universal applicability and effectiveness do not come
together automatically. This is a reason why there are two
directions of the research. One direction pursues problem-
specific techniques focusing on particularity of individual
nonlinearities. Some people consider them too heuristic and
impractical even when specialized tricks are effective. The
other direction seeks general techniques that are applicable
to many cases in a unified way. The generality sometimes not
only excludes some strong nonlinearities of great importance,
but also renders the essential effectiveness obscure so that the
applicability is only formal. It is typical of general ‘nonlinear’
problems to have no guarantee of the existence of solutions.
We often do not know how to solve them even if solutions
exist. Naturally, this situation has brought out a quest for a
successful fusion of the two directions. From this viewpoint,
it is remarkable that the ISS small-gain theorem achieves a
balance between the universal applicability and the effective-
ness for interconnected ISS systems[9], [10], [11].

The aim of this paper is to provide a general framework
which is not limited to the settings of popular classical stability
criteria and the ISS small-gain theorem. To this end, this paper
borrows an idea from the state-dependent scaling techniques
which have been recently introduced by the author[12], [13],
[14] for constructing robust control Lyapunov functions for
some classes of systems. This paper generalizes the idea
much further. Problems of stability analysis for interconnected
dissipative systems are formulated into state-dependent scaling
problems in a unified way. This paper clarifies for the first time
the relation between the state-dependent scaling formulation
and the ISS small-gain condition[2], [3] as well as stability
criteria for dissipative systems[1]. The state-dependent scaling
problems are scalar inequalities we solve for parameters which
the author calls state-dependent scaling functions. Solutions
immediately lead to Lyapunov functions for interconnected
systems.

The state-dependent scaling approach this paper pursues
is a tool of dealing with nonlinear systems beyond classical
nonlinearities such as finite linear-gain, sector and passivity-
related systems which have been popular in textbooks of
nonlinear stability analysis. This paper is devoted mainly to
demonstration of the effectiveness much more than formal
applicability by concentrating on the interconnected system
composed of integral input-to-state stable(iISS) and ISS sys-
tems. The existence of solutions to the state-dependent scaling
problem is investigated rigorously, and explicit formulas of
the solutions are shown. New theorems of the small-gain-type
are derived. To the best of author’s knowledge, the result of
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small-gain-type theorems involving iISS systems is the first
of its kind. The class of ISS systems has been extensively
investigated and has been playing an important role[6], [15],
[9]. For instance, the fact that cascades of ISS systems are ISS
is widely used in stabilization. The ISS small-gain theorem is
also a popular tool for feedback interconnection. In contrast,
the concept of iISS has not yet been fully exploited in
analysis and design although the property of iISS by itself
has been investigated deeply[7], [8]. The iISS property covers
nonlinearities much broader than the ISS property. Indeed, the
iISS captures important characteristics essentially nonlinear
systems often have[8], and there are many practical systems
which are iISS, but not ISS. There are still few tools of making
full use of the iISS property in systems analysis and design.
For instance, stability criteria similar to the ISS small-gain
theorem have not been developed for interconnection involving
iISS systems so far.

The paper places a special emphasis on construction of Lya-
punov functions for interconnected systems. Storage functions
in the dissipative analysis[16], [1] often serve as Lyapunov
functions. The storage function is an abstract notion of energy
stored in a system. The energy increases when energy is
supplied from outside. The supply rate determines the variation
of the storage function. The idea proposed in [1] is to construct
a Lyapunov function of interconnected systems explicitly by
summing up supply rates of individual systems. On the other
hand, the ISS small-gain theorem are usually explained in
terms of trajectories of systems (in other words, input-output-
type formulation)[2], [3], [9]. Although the ISS property of
open-loop systems has been related to Lyapunov functions[17],
[18], [9], little development has been made in the construction
of Lyapunov functions for feedback systems. A notable excep-
tion is [19] which proves the equivalence between gain-type
formulation and Lyapunov-type formulation of the ISS small-
gain theorem. It, however, focuses on the equivalence rather
than in providing explicit formulas for Lyapunov functions
which are convenient for further use. In order to close the
remaining gap between the dissipative approach and the ISS
small-gain theorem, this paper comes up with an idea of sum-
ming up supply rates nonlinearly for constructing Lyapunov
functions for interconnected systems. The nonlinearly-scaled
sum of supply rates and several existing tools share a common
tool of integration to rescale storage or Lyapunov functions.
The above-mentioned papers[18], [9] exploit integrals of Lya-
punov functions for cascades of ISS systems. Mazenc and
Praly[20] address a class of nonlinear systems in feedforward
form using integral for rescaling Lyapunov functions. This
paper investigates a generalized usage of such a technique and
pursues its real potential further for new classes of systems.
Nonlinear coefficients to combine supply rates for the ISS
small-gain theorem and constant coefficients for the dissipative
approach are solutions to the state-dependent problems. Such
formulation enables us to not only explain the dissipative
approach and the ISS small-gain theorem in a unified language,
but also treat iISS systems successfully in the same framework.

This paper is organized as follows. First, Section II gives
a glimpse into this paper. Section III formulates the problem
of stability of interconnected systems in a general configu-

ration. Then, the section introduces a mathematical problem
of state-dependent scaling which is the preliminary idea of
this paper. A Lyapunov function establishing stability of the
interconnection is obtained explicitly from a solution to the
state-dependent scaling problem. For interconnected systems
covered by traditional stability criteria, such as the £, small-
gain theorem, the passivity theorems, and the circle and Popov
criteria, solutions can be computed easily as positive constants,
and the stability criteria are simply sufficient conditions for
the existence of the solutions. For arbitrarily general systems,
formulas and existence conditions have not been available
so far. Therefore, this paper is mainly devoted to the issues
of when the solutions exist and how they can be found
for systems which are not covered by the classical stability
criteria. Section III focuses on the interconnection of iISS sys-
tems and ISS systems, and provides explicit formulas. Small-
gain-like conditions are derived as sufficient conditions for
guaranteeing the existence of solutions to the state-dependent
scaling problem. Section IV proposes an extension of the state-
dependent scaling problem to obtain less conservative stability
formulas in the presence of static systems. In Section V, the
effectiveness of the proposed approach is illustrated through
examples. Finally, conclusions are drawn in Section VI.

This paper uses the following notations. The interval [0, co)
in the space of real numbers R is denoted by R, . Euclidean
norm of a vector in R™ of dimension n is denoted by | - |.
A function v : Ry — R, is said to be class K and written
as v € K if it is a continuous, strictly increasing function
satisfying v(0) = 0. A function v : R, — R is said to be
class K., and written as v € K, if it is a class I function
satisfying lim,_, . y(r) = co. We write v € Py for a function
~v: Ry — Ry if it is a continuous function satisfying (0) =
0. The set of v € Py satisfying y(s) > 0 for all s € R\ {0}
is denoted by v € P.

II. BIG PICTURE

The purpose of this introductory discussion is to give
the reader motivation for going through details of this paper.
For establishing stability of interconnected systems, this paper
proposes state-dependent scaling formulation applicable to
general systems which possess dissipation property. Naturally,
a question arises as to whether the state-dependent scaling
problems to be formulated are solvable practically. The an-
swer is affirmative for finite linear-gain nonlinearities, sector
and passive systems popular in nonlinear stability textbooks.
Indeed, solutions of the state-dependent scaling problems are
constants for such classes of systems, and the formulation
reduces to linear combination of supply rates. The constant
scaling (or equivalently, linear combination of supply rates)
classical stability criteria rely on fail easily in solving sta-
bility problems for strongly nonlinear systems. In order to
go beyond existing approaches, the paper will rigorously
investigate new classes of nonlinear interconnection involving
iISS subsystems, and substantiate the effectiveness of the state-
dependent scaling approach by providing affirmative answers
to the question.

Nevertheless, there are still practical systems which do not
fit in any supply rates of the iISS property and others covered
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by existing approaches. The classes of ISS and iISS systems
are described by supply rates which generalize the notion of
gain by incorporating nonlinear functions into the input and the
output. As we will show, the state-dependent scaling handles
the nonlinear variation and the mismatch of nonlinearities
between subsystems. The state-dependent scaling can also
allow us to select fictitious input and output incorporating
nonlinear variations into supply rates of the passive type. There
are interconnected systems whose stability can be established
by exploiting passivity, gain and their nonlinear variations at
the same time, although the stability cannot be established
by using any one of them alone. The state-dependent scaling
approach to be proposed in this paper is suitable for those sys-
tems since it puts passivity, gain and their nonlinear variations
into a unified formulation.

Suppose that an interconnected system consists of two
subsystems satisfying dissipation inequalities

1 Vi(xy) < —a2? + 2dad (1)

EQ : ‘/2(.%2) S 7$421 — CCQ.I'? + Toxq (2)
for storage functions V;(x;) = z7/2, i = 1,2. The second
subsystem 3.5 is ISS since we obtain

. 1 3 3
Valws) < —gai + Jat + Jai” 3)

by using Young’s inequality. On the other hand, the subsystem
331 is neither ISS nor iISS. Indeed, the differential equation

i = —xy 4+ 2ixd 4)

satisfying (1) is not ISS with respect input x5 and state x;.
Furthermore, even for exponentially decaying input xo(t),
the equation (4) has solutions escaping to infinity in finite
time[27]. In the presence of the subsystem Y5 having such a
serious finite escape time property, the dissipation inequality
(3) and stability criteria based on the gain are not helpful.
Passivity theorems cannot establish global asymptotic stability
of the interconnected system either since there are no terms in
(1) which cancel +z2x; in (2). As we will show, if appropriate
functions A\; and Ay can be found, where \; and Ao are
continuous functions from R to R, that satisfy

M (Vi(z)){—a7 + 2923}
+A2(Va () {—25 — 2lxs + 2172}
< pe(z1,22), Vg € R™, 29 e R™, (5)

for some function p. which is continuous and strictly negative,
then the interconnection of (1) and (2) has a globally asymp-
totically stable equilibrium at the origin. The equation (5) will
be called a state-dependent scaling problem and A; and Ag
are scaling functions which combine supply rates of the two
subsystems. In order to have the inequality (5) satisfied, it is
not difficult too see that the positive component generated by
the cubic term 27 in (1) must be dominated by the negative
component generated by —x3 in (2). Since the other terms
do not have suitable growth order with respect to x; and the
function x5 is not sign definite, the inequality (5) is satisfied
only if

A (Vi(zo){af2} + Ao (Va(wa)){—afza} = 0 (6)

holds. The solution to this equation is

MVi(z1) =1, Ao(Va(xa)) = 23 @)
Substituting this pair into the left hand side of (5), we obtain

2 3.3 6 3.3 3 2 6 3
-] +xiTy — Xy — X0y + 1105 < —x] — Ty + T1X5

Thus, the inequality (5) is achieved with
pe(w1,19) = —(2F + 25)/2

Hence, global asymptotic stability of the equilibrium at the
origin is established for the interconnection of (1) and (2).

Although the above is only a very simple example, the
unified treatment of various properties composing dissipation
inequalities and the nonlinearity of scaling are the key to the
success.

III. STATE-DEPENDENT SCALING PROBLEM AND
SOLUTIONS

In this paper, two mathematical problems play a central role
in establishing stability properties and constructing Lyapunov
functions of nonlinear interconnected systems. This section
presents one of the two problems and explains the main idea
of the framework this paper proposes.

A. Problem Formulation
Consider the interconnected system X shown in Fig.1. This
paper deals with subsystems ¥; and Y, of the general form
Y@y = fi(t,wy,ue,m) (3)
Yot dg = fo(t, xo,uz,72) - )

These dynamic systems are connected each other through u; =
x9 and us = x1. The exogenous inputs r; € R™ and ry €

R™2 are packed into a single vector 7 = [r,r1]7 € R™. The
state vector of the interconnected system ¥ is z = [z7, 227 €

R™ where x; € R™ is the state of >;. It is assumed that
f1(¢,0,0,0) = 0 and f2(¢,0,0,0) = 0 hold for all ¢ € [tg, o),
to > 0. The functions f; and f, are assumed to be piecewise
continuous in ¢, and locally Lipschitz in the other arguments.
These restrictions on f; are only for assuming the existence of
a unique maximal solution of the initial value problem &; = f;
for each u; € RP¢ and r; € R™:. This paper does not assume
that f; describing ; in (8) and (9) are precisely known. They
are left unknown. Instead, we associate >; and X, in Fig.1
with supply rates and assume the knowledge of dissipation
inequalities as follows.

Assumption 1: There exists a C! function V; : (¢,7;) €
Ry x R™ — R, such that

holds with ¢, @; € K&, and

dav;
dt

< pi(@iswi, i),
Va; € R™ u; € RP r; e R™ ¢ € Ry(11)
holds along the trajectories of the system > with a continuous

function p; : (x;,u;, 1) € R™ x RPi x R™i — R satisfying
pi(0,0,0) = 0.
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A system Y; satisfying Assumption 1 is said to be dissipa-
tive with respect to storage function V; and supply rate p;[16],
(1], [21].

This section formulates stability of the interconnected sys-
tem into a mathematical problem which this paper refers to as
Problem 1.

Problem 1: Given continuously differentiable functions V; :
(t,z;) € Ry x R™ — R, and continuous functions p; :
(xi,zj,m) € R" x R x R™ — R for i = 1,2 and j =
{1,2} \ {i}, find continuous functions \; : s € Ry — R,

satisfying
Ai(s) >0 Vs e (0,00) (12)
Sli)%l+ Ai(s) < o0 (13)
/100 Ai(s)ds = o0 (14)

for i = 1,2 such that

M (Vi(t, 1)) pi(zr, wo,71) + Ao (Va(t, 22)) p2 (22, 71, 72)
S pe(x17x27r1a 7"2),

Ve, €R™ zo €R™2 r e R™ 1o e R™2 teR,  (15)

holds for some continuous function p. :
R™ x R™ x R™ x R™ — R satisfying

Pe(21,22,0,0) <0 | V(z1,22) € R™ xR"\ {(0,0)} (16)

The following theorem motivates the above mathematical
problem.

Theorem 1: The equilibrium = = 0 of the interconnected
system X given by (8) and (9) is globally uniformly asymp-
totically stable for r(¢) = 0 if there is a solution {1, Ao}
to Problem 1. Furthermore, a C' function V. : (t,z) €
R, x R™ — R, defined with the solution {\1, A2} as

(x1,29,7m1,72) €

Vl(t7:v1) VQ(t7£D2)
Val(t,x) :/ Al(s)der/ Aa(s)ds (17)
0 0
satisfies
ch(‘xD < ‘/Cl<tax) SO_‘Cl(|x|)a VxGRn,t€R+ (18)
for some class K, functions «;, & and
dV,
dtl < pelw,r), VeeR",reR™ teR, (19)

holds along the trajectories of the system 3.

The function defined in (17) serves as a Lyapunov function
of the interconnected system . It may be worth mention-
ing that (13) is redundant mathematically since each J\; is
supposed to be continuous on Ry = [0,00). The explicit
statement may direct the readers’ attention to it.

The solutions A; to the inequality of the sum of scaled
supply rates (15) immediately lead us to Lyapunov functions
establishing the stability of the interconnected system .. The
parameters A; and A, scaling supply rates in (15) are functions
of the state variables x; and x,. More precisely, they are
functions of V; depending on z; as in (10). An extended
formulation of Problem 1 whose detailed introduction is
postponed until Section IV allows A; to directly depend on
1. The pair of Problem 1 and the extension(to be called

Problem 2) can be regarded as a general formulation of the
state-dependent scaling technique [12], [13], [14]. Thus, this
paper referred to Problem 1 and Problem 2 as state-dependent
scaling problems. The functions \; are referred to as state-
dependent scaling functions. Early results developed in [12],
[13], [14] were based on some special cases of Problem 1 and
Problem 2 where the supply rates are restricted to finite Lo-
gain, ISS or a subset of iISS. Those papers originally referred
to 1/); as the state-dependent scaling factors.

Solutions to the state-dependent scaling problems also es-
tablish stability properties of cascade systems under Assump-
tion 1. Indeed, if one of feedback paths u; = 2 and uy =
a1 is disconnected in Fig.1, the interconnection becomes a
cascade. When the path of w; is disconnected, the supply rate
pi(xi,u;,r;) becomes p;(xz;,r;). By the cascade system X,
the paper means that the path of u; = x9 is cut, which is
depicted in Fig.2.

Remark 1: When X1 and Y5 are time-invariant, the conse-
quence of Theorem 1 is true even if ‘<’ in (16) is replaced by
‘<’ on appropriate assumptions of zero-state detectability[1].

Remark 2: For supply rates p; popular in classical stability
analysis, the state-dependent scaling formulation reduces to
well-known techniques. Classical stability criteria can be con-
sidered as sufficient conditions for the existence of solutions
to Problem 1 for finite linear-gain nonlinear systems, sector
and passivity-related systems', and solutions can be obtained
directly from those classical techniques[22]. Indeed, the for-
mulation of the state-dependent scaling problems smoothly
extends stability criteria unified in [1] (presented in standard
textbooks such as [23], [24]) and passivity theorems discussed
in [25]. It is not difficult to see that all stability theorems based
on the early works on interconnected dissipative systems[16],
[1], [21] are explained by ‘constant’ parameters A\; and Ao,
namely, the state-dependent scaling problems are in the form
of

A1p1(xy, @2) + Aop2(w2, 1) < pe(x) .

Thus, the £, small-gain theorem, the passivity theorems,
the Popov and circle criteria, are proved by using linear
combinations of supply rates. By contrast, the inequality (15)
of Problem 1 is not a linear combination of supply rates.
The parameters A\; and Ao are allowed to be functions. The
exploitation of state-dependence or nonlinearities in those pa-
rameters is naturally vital for dealing with strong nonlinearities
which are not covered by the classical stability criteria.
Remark 3: The use of integral in Lyapunov functions can
be found in existing papers. This paper investigates a gen-
eralized usage and exploits the potential of the technique
further. In [18], [9], given a system, the integral is introduced
for changing a supply rate into a desirable one and applied
elegantly to stability of cascade systems. The formulation
proposed in this paper aims at exploiting integrands flexibly
to obtain stability of general interconnected systems directly
from given supply rates without transformation into particular
forms. Mazenc and Praly[20] also deals with a class of

IThe relation between Problem 1 and the stability involving static subsys-
tems is discussed in Section IV.
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Fig. 2. Cascade system X,

feedforward systems using Lyapunov functions with integral
scalings. This paper suggests that the use of those integral
Lyapunov functions is regarded as a restricted subset of a
broader problem of Problem 1, which is generalized down
to the state-dependent scaling formulation.

The state-dependent scaling problem is directly related to
construction of Lyapunov functions. The formulation only
requires systems to be dissipative, so that it covers a broader
class of systems than classically popular stability criteria[1],
[23], [24]. This subsection has not mentioned how easy or
difficult it is to find solutions to state-dependent scaling
problems for systems which are not covered by traditional
supply rates[1], [23], [24], [25]. The state-dependent scaling
problem is jointly affine in the scaling functions A\; and As.
This affine property should be helpful in calculating solutions,
which is the main issue investigated in the remaining part of
this section.

B. Supply Rates of ilSS and ISS Systems

The rest of this section aims to show explicit solutions to
the state-dependent scaling problem for supply rates charac-
terizing stronger nonlinearities than traditional ones. For this
purpose, this paper focuses on iISS and ISS types of supply
rates. Concepts of iISS and ISS properties were introduced by
Sontag[6], [7], and the class of iISS systems is broader and
includes stronger nonlinearities than the class of ISS systems.
In subsequent subsections, we derive small-gain rules as
conditions guaranteeing the existence of solutions to Problem
1 for iISS and ISS properties. It is the first formulation of
its type to address stability of interconnection involving iISS
systems. The ISS small-gain condition[2], [3] is explained as
a special case dealing with interconnection of ISS systems.

In order to concentrate on ISS and iISS properties[6], [7],
we assume that a supply rate function of the form

pi(xi, i, ri) = —oi(|zs|) + o5 (Jug|) + ori(|74]) (20)
is given for each X;, ¢+ = 1, 2. In the case that the second input
r; is null, the function o,.; vanishes. As we did in the previous

subsection, it is assumed that «;, 0; ,0.; € Py and o, & €

Koo satisfying Assumption 1 are known. Let us consider the
following four sets of supply rate functions.

si={lom: 25 DK em ) @Y
S (CECER S g £
s L S T
s={lm: DR DEE Taem 1

These sets have relationship of
S CS, 8,C8CS, SNnNS;=10 (25)

which is illustrated by Fig.3. The implication of equation
numbers in parentheses is given in this section later on.

A system theoretic explanation of the sets S;, i = 1,...,4
of supply rates can be given in terms of ISS and ilSS
properties[6], [7] for the system 3; satisfying Assumption
1. The system X, is said to be iISS with respect to input
(u;,7;) and state x; if a; € P and o, 0,; € K hold. The
function V;(t, ;) is called a C! iISS Lyapunov function[7],
[8]. If «; is additionally a class K., function, the system
Y; is said to be ISS with respect to input (u;,r;) and state
x;, and the function V;(t,x;) is called a C' ISS Lyapunov
function[17]. The trajectory-based definition of ISS and iISS
may be seen more often than the Lyapunov-based definition
this paper adopts. The two types of definition are equivalent in
the sense that the existence of ISS (iISS) Lyapunov functions
is necessary and sufficient for ISS (@ISS, respectively)[17],
[7]. It is clear from the definition that ISS implies iISS. The
converse is not true. The set S; corresponds to interconnection
of two ISS systems, while S; corresponds to interconnection
of two iISS systems. Supply rates belonging to Ss describe
interconnection of an ISS system and an iISS system. The set
So represents the set of supply rates with which the system
> may be ISS(see Remark 4), while Y5 is only supposed
to be iISS. Note that, if the function «; is not restricted to
P\ K, there is a possibility that the system X, is ISS. In
contrast to Ss, even in the case that ¥; is ISS, the situation
of (p1,p2) € So indicates that the function V; achieving
Assumption 1 with a3 € K, is not available information.

Remark 4: It can be verified by the definition of ISS
Lyapunov functions in [17] that a given triplet of {c; €
K\Kso,0; € K,0.; € Py} accompanied by an iISS Lyapunov
function satisfying

limsup{oi(s) + ovi(s)} < lim a;(s) (26)

S§—00

guarantees the system X; to allow the existence of another
triplet {a; € Ko, 0y € K, 0,; € Py} accompanied by another
ISS Lyapunov function. Thus, even in the case of «; € K\ Ko,
the system %; is ISS with respect to input (u;,7;) and state
x; if (26) holds.
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Fig. 3. Sets of supply rates and sufficient conditions for iISS and ISS

C. Feedback Connection of ilSS and ISS Systems

We obtain the following theorem for interconnection of iISS
and ISS systems.

Theorem 2: Suppose that supply rate functions (pq, p2) €
Ss are given. If there exist ¢; > 1, ¢ = 1,2 and k& > 0 such
that
[ca09 0 gl_l oay o ozl_lo croy(w))k

o1(w)
[az 0 @y " 0 ay(s))"

o1(s)

max
wel0,s]

., VseR,(27)

is satisfied, the following hold.

(i) Problem 1 is solvable with respect to a continuous
function p.(x,r) of the form

pe(z,m) = —ag(|z|) + oallr]), aa €, oa€Py . (28)

In the case of as € K, a solution to Problem 1 with
respect to (28) is given by

(it)

a -1 q
A1(s) = max yclcgémw (29)

we(0,s] ayoayt(w
Ao(s) = vq[dT T ag 0 ay ' (5)]77" (30)
where v, § and ¢ are any constants satisfying
vr>0, 1>46>0 31
A>Ba -1 g=k ¢>1. (32

(iii) In the case of as & IC, there exists do € K such that
Ga(s) < as(s) (33)
[c209 © gl_l o@p 0 al_lo crop(w)*

o1(w)

[G2 0 a5 " 0 ay(s))*
o1(s)
hold, and a solution to Problem 1 is the same as (ii)
except that o is replaced by &s.

It is stressed that there always exist v, 0 and ¢ fulfilling
(31) and (32). It is required implicitly by (27) that the left
hand side of (27) is finite at w = 0. It is due to the non-
decreasing property of maximization and the fact that the right
hand side of (27) takes finite value at all s € (0,00). The
function A;(s) given in (29) satisfies lim, o+ A1(s) < oo
since limg 04 [02 0 a; ' (5)]*/[ay 0 a; ' (s)] < oo is implied
by (27).

max
wel0,s]

, Vse R+ (34)

The following theorem explains that the condition (27) is
still applicable to Sy covering a different type of supply rate
when a; ! o ¢;oy(s) makes sense.

Theorem 3: Suppose that supply rate functions (p1,p2) €
Ss are given. Assume that

lim o1(s) < lim a4(s) (35)
S§—00 S§—>00
holds, and there exist ¢; > 1,7 = 1,2 and k > 0 such that (27)
is satisfied. Then, the statements (i), (ii) and (iii) in Theorem
2 are true if either of
¢y limsupo,(s) < (1 — Qﬁll)(cl —1) lim ay(s)(36)
S§—>00

5— 00

lim o2(s) < oo (37)
5—00

is satisfied.

The inverse a; ' denotes a function fulfilling o *oa; (s) =
s for all s € R although the domain of ;! is not the entire
R. Note that ¢; limg_, o 01(s) < limg_, o0 1 (8) is required
by (27). The condition (35) ensures the existence of ¢; > 1
satisfying the requirement.

Calculations to check (27) can be made easier. The condi-
tion (27) can be replaced with either the pair of (38) and (39)
or the pair of (43) and (39) in the following sense.

Lemma 1: Suppose that (p1, pa) € Sy U Ss.

(i) The pair of conditions

oz 0 a3 ' (s)]*

— is non-decreasing
ooy (s)

(38)
C079 ogflo Qo a;lo c101(s) < ago d;loQQ(s),
Vs € Ry (39)

for a constant £ > 0 implies (27). Conversely, if a
constant k£ > 0 satisfies (27), there exists ap € K

satisfying

do(s) < as(s), VseRy o
~ ~—1 k

162085 O 0 on-decreasing @0

010 ggl(s
C909 O gl_lo IR al_lo c101(8) < @y o 072_10 as(s),
Vs €R, . (42)
(ii) The pair of conditions

[p2 007 car0art ocroi(s)]*

o1(s)
and (39) for a constant k£ > 0 implies (27). Conversely,
if a constant k > 0 satisfies (27), there exists 6o € K
satisfying
02(s) < da(s), VseR,
(200 0ar 00 0y (s)]
o1(s)
cabpoaritoaroaltocior(s) < azodaytoay(s),
Vs e Ry . (46)
The property (35) implies that the system X; is ISS with
respect to input u; and state 1 although «; is not a class Ko

function. For a system Xy without the exogenous signal r1, the
condition (35) guarantees the existence of a C! ISS Lyapunov

is non-decreasing (43)

(44)

is non-decreasing(45)



APPEARED IN IEEE TRANS. AUTOMATIC CONTROL, VOL.51, NO.10, PP.1626-1643, 2006. DOI:10.1109/TAC.2006.882930 7

function neglecting r1 for another supply rate composed of a
new pair {1 € Koo, 01 € K}[17]. It should be stressed that
the condition (35) does not ensure the ISS property of >; with
respect to input ry.

The criterion (27) is by no means applicable if «; does not
belong to /. When we know «; € P only, we need to consult
the following theorem which provides a criterion of (47) and
(48) accepting supply rates in the form of ilSS.

Theorem 4: Suppose that supply rate functions (p1, p2) €
Sy are given. If there exist ¢; > 0, ¢ = 1,2 and k& > 0 such
that

[o2(ag ()]
c201(az ' (s))
c1 < C2

1
ggcl()q(all ( )]Z } Vs e Ry (47)
(48)

are satisfied, the following hold.

(i) Problem 1 is solvable with respect to a continuous
function p.(x,r) of the form

Pe(%?") = _acl(|x‘) +o—cl(|7n|)7 OZCZEP, UCZGPO . (49)

(ii) In the case of £ > 1 and as € K, a solution to Problem
1 with respect to (49) is given by
ve _ _

A = T; Xa(s) = vk[Sas o @y H(s)]F1 (50)

where v is any positive constant, and

1
k2
5= (cl) . (51)
C2

In the case of k < 1 and «; € KC, a solution to Problem
1 with respect to (49) is given by

(iii)

14 14

M(s) = —[dagoar H(s)]R/E Ny = — (52
1(s) k[ ajoag ()] ;A2 52k (52)

where v is any positive constant, and

1
1+2k
5= <Cl) . (53)
C2

(iv) In the case of o; & IC, there exist &; € K, i = 1,2 such

that

Gi(s) < ai(s), VseRy, i=1,2 (54)
(o221 ()] < crda(ay ())

201 (' (5)) < [da(ay ' (s))]

hold, and a solution to Problem 1 is the same as (ii) and
(iii) except that «; is replaced by &;.
Theorem 4 has advantages over Theorem 2 and Theorem 3
in the following points.

} Vs € R4(55)

o Theorem 4 does not require each system >; to be ISS
with respect to the external signal r;.
o Theorem 4 is applicable directly to a given pair of
a1, a3 € P\ K-
The conditions in (47) necessitate liminf, ., «1(s) > 0 and
liminf, o aa(s) > 0 since o7 and o9 are class K.
Remark 5: If both the two systems >;, ¢ = 1,2 satisfy
r;(t) = 0, the pair of (47)-(48) implies that at least one system
>; of ¥y and X4 is ISS with respect to input u; and state

z;. In other words, the pair of (47)-(48) yields the following
property.
limsup a;(s) < lim o;(s) =
S—00 S— 00
lim sup a;(s) > lim o;(s), ¢ # j .(56)
5—00 §—=00

Therefore, by virtue of (iv) in Theorem 4, at least one of >
and X, needs to be ISS with respect to input u; and state x;
under the assumption of r;(t) = 0 although «; € P\ K, may
hold. To see (56), consider the supply rate (20) with «; €
P\ Koo for i =1,2. Two conditions in (47) lead to

3 k -1
{02(051 (5))] <c10¢1(ozl (S)i’ V56R+\{0}~

az(ay'(s)] T caor(ay’(s)

From (48), we obtain

a2 (all(S))}
az(diy ™ (s))
for k£ > 0. Since limiting values of o; and o9 toward oo are
guaranteed to be finite by (47)-(48) and «; € P\ K, the
claim (56) follows. The requirement of (56) is natural in view
of ‘small gain’ for the stability of the interconnection, and it
can be intuitively explained as follows. Suppose that neither of
the iISS systems X1 and X is ISS for r;(t) = 0. Then, there
are no iISS Lyapunov functions whose supply rates satisty
a;(00) > o;(c0). Thus, in the absence of r;, iI[SS Lyapunov
functions Vi (x1) and Va(z2) given arbitrarily satisfy

k .
< lim sup M

57
5§—00 Ul(ggl(s)) ( )

lim inf [

dVi(z; _ —
W) < @ Vi) +olay (Vi) 68)
for ¢,7 € {1,2}, i # j along the trajectories of %;, and
aq(00) < g1(00),  az(00) < og(00) . (59)

Due to (59), there exist sufficiently large l1,l> > 0 such that
a1(00) < o1(ayt(ls)) and az(c0) < aa(ay (1)) hold. We
have dV;(z;)/dt > 0 for x; € U;(l;) = {z; € R™ : Vi(x;) >
I;} if we can assume that the pair {«;, o; } is selected such that
the gap in the inequality (58) is sufficiently small in U;(l;).
Hence, the simultaneous property (59) contradicts the global
asymptotic stability of x = 0.

Remark 6: According to Remark 4, even in the case that
Theorem 2 does not cover an original triplet {«a;, 0y, 0.}
which Theorem 4 does, there may exist a transformed triplet
{a;,0;,0.;} accepted by Theorem 2. The process of trans-
formation of supply rates, however, not only involves extra
manipulation requiring users to have special knowledge, but
also often causes conservatism in dissipation inequalities.

Combining theorems and a lemma in this subsection, we ar-
rive at the following corollary which establishes iISS property
of the feedback interconnection of iISS and ISS systems.

Corollary 1: The interconnected system > is iISS with
respect to input r and state x if at least one of the following
is satisfied.

(i) (p1,p2) € Si. There exist ¢; > 0,4 =1,2and k > 0

such that (47) and (48) hold.

(ii) (p1,p2) € Sa. The inequality (35) and one of (36) and

(37) are satisfied. There exist ¢; > 1,7 = 1,2 and k > 0
such that (39) and at least one of (38) and (43) hold.
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(iii) (p1,p2) € Ss. There exist ¢; > 1,4 = 1,2 and k > 0
such that (39) and at least one of (38) and (43) hold.

Remark 7: If we replace |z;| by V;(x;) in the supply rate
(20), the functions ¢, and &; disappear at all places in this
section. The calculation to check the existence conditions is
easier in this case. There is a trade-off between convenience
in checking an existence condition and selecting a dissipative
inequality. The use of Vj(z;) in the supply rate may not be
appropriate in many cases.

Remark 8: The conditions (27), (39) and (47) are monotone
in ¢;, so that ¢; and ¢y can be obtained easily in a bisection
manner if they exist. The computation of composite mappings
is also straightforward. The evaluation of the inequality sign in
(27), (39) and (47) by hand would be hard when complicated
functions are involved. However, since every function is a
scalar-valued continuous function of a single scalar variable,
the inequality sign can be always checked very easily by
numerical computation reliably. It is worth noting that Ay and
Ao can be obtained explicitly in an analytical form even when
the existence conditions are checked numerically. Analytical
evaluation of the existence conditions is also possible in many
cases with the help of standard computer software of symbolic
manipulation. Finally, calculation of inverse functions by hand
would be too complicated when difficult functions are chosen.
Since every function needed to be inverted is an increasing
scalar-valued continuous function of a single scalar variable,
its inverse map obtained numerically is amenable to curve
fitting tools for recovering analytically explicit expression with
good approximation. In the case that one prefers a simple
expression of an inverse function by hand, the function to
be inverted can be always overbounded by another function
yielding a simple inverse if one allows some conservatism.

D. Relation between Proposed Criteria and ISS Small-Gain
Theorem

For interconnection consisting of ISS systems, solutions
to the state-dependent scaling problem are obtained in the
following form.

Theorem 5: Suppose that supply rate functions (p1, p2) €
Sy are given. If there exist ¢; > 1, i = 1,2 such that

g;l oy oozf1 ocioq oggl o Qiy 004271 o co0a(s) < s,
Vs € Ry (60)

is satisfied, the following hold.
(i) Problem 1 is solvable with respect to a continuous
function p.(x,r) of the form

pe(z,7) = —aq(|z]) + oullr]),
OéCZEICOO, o €Po . (61)

(ii) In the case of o1 € K, a solution to Problem 1 with
respect to (61) is given by

Ai(s) = {ul o lal o ozl_l(s)]

1
—1 1 -1 1 RN
X |azooy o —aj0a; (s) —aod (s)| (62)
1 1

ﬁ[”l oo10a; (s)][o10ay '(s)]

m+1

Aa(s) = (63)

where 11 : s € Ry — R, is any non-decreasing
continuous function satisfying

vi(s) >0, Vse (0,00) (64)

and 6, 7, and m are any real numbers satisfying
0<m, 0<d<l, 1<mn<ec (65
n <c . (66)

[62(r—1)(ca—1)] 77
(iii) In the case of 01 € Ko, there exists 61 € K, such that

o1(s) <a1(s), VseRy (67)
gl_lo 0 o al_lo €101 ng_lo Qg © 042_10 cooa(8) <s,

VseR,  (68)

hold, and a solution to Problem 1 is the same as (ii)
except that o is replaced by 4.

It is stressed that there always exist m, 6, 7y such that
(65) and (66) hold. We can revisit the ISS small-gain theorem
proposed in [2], [3] in view of Theorem 5 as follows.

Corollary 2: Assume that supply rate functions satisfy
(p1, p2) € Sy. If there exist ¢; > 1, i = 1,2 such that (60) is
satisfied, the interconnected system > is ISS with respect to
input 7 and state x.

The ISS small-gain theorem is approached by this paper
from the direction of the state-dependent scaling problem.
Theorem 5 gives an explicit formula for a Lyapunov function
establishing the ISS property of the feedback system. In fact,
the Lyapunov function is (17) where A\; and Ao are given
by (62) and (63), respectively. The ISS small-gain theorem
proposed in [2], [3] is presented and proved originally by using
trajectories of systems, and it has not provided formulas useful
for constructing Lyapunov functions for design. Jiang et al.[19]
focused on the equivalence between gain formulation and
Lyapunov formulation rather than provide Lyapunov functions
explicitly. The Lyapunov function leading to the ISS small-
gain theorem is not necessarily unique, so that the existence
of a smooth Lyapunov function in a different form is proved by
[19]. This paper employs a formulation of Lyapunov functions
which allow a smooth transition to stability criteria for systems
more general than interconnection of ISS systems. The ISS
small-gain theorem is recovered as a special case.

Remark 9: In ISS analysis of open-loop and cascade sys-
tems, Lyapunov functions have been used successfully by [6],
[17], [18], [9]. This paper extends the use of the techniques to
feedback systems, and rigorously demonstrates that Lyapunov
functions in the form of [18], [9], [20] can be tailored for
proving the ISS small-gain theorem.

We can expect that stability of interconnection of ilSS
systems should require more restrictive conditions than that
of ISS systems. In fact, there are reasonable relationships
between the ISS small-gain theorem and stability conditions
developed for more general systems.

Theorem 6: (i) Assume (p1, p2) € S2USs. If there exist
c1t > 0, cg > 0 and k£ > 0 such that (47)-(48) are
satisfied, there exist also ¢; > 1, co > 1 such that (27)
holds.
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(ii) Assume (p1,p2) € Sy. If there exist ¢; > 1, ¢o > 1
and k£ > 0 such that (27) holds, the inequality (60) is
satisfied.

The broader the class of supply rate functions covered by a
theorem is, the more restrictive the condition for the existence
of a solution to the state-dependent problem(i.e., for stability)
is. We can fill each section of the set of supply rate functions
with a less restrictive condition as shown in Fig.3. Note that
solutions to state-dependent scaling problems are not unique.
For example, the pair {\;, A2} given in Theorem 4 is a
solution to the problem for supply rates considered in Theorem
2 and Theorem 5. In the same manner, the pair { A1, A2} given
in Theorem 2 is also a solution to Theorem 5.

E. Cascade of ilSS and ISS Systems

As mentioned in Subsection III-A, solutions to Problem 1
are also able to establish stability of cascade connection of ilSS
and ISS systems in the configuration of Fig.2. In addition to

(21)-(24), the sets
epP o1 € K or1 € 7)0
St AL ’ 69
2 {(pl’”) as € K\Kuo, 03 € K, 0vg € Py [0
(o1 EP, o1 GIC, or1 € Po (70)
Qo € ’COO, o9 € IC, o € Py

8§ = {(Phpz) 5

of supply rate functions are considered in this subsection.
Corollary 3: The cascade system 3. is iISS with respect to
input r and state x if one of the following is satisfied.
(i) (p1,p2) € Sy holds. There exist ¢; > 0 and k > 0 such
that

[oa(ay (5)])" < cras(art(s)), VseRy . (71)
(ii) (p1,p2) € Sz holds. Either
ligis;clp or1(s) < 81520 aq(s) (72)
or (37) is satisfied. There exists £ > 0 such that
i zoa ' () <0, (73)

s—=0+ qq o dfl(s)
(iii) (p1,p2) € S3 holds. There exists k& > 0 such that (73)
holds.
(iv) (p1,p2) € SEand lim,_, o0 o2(s) < limg_, oo aa(s) hold.
(v) (p1,p2) € S5 holds.
The facts (iv) and (v) of Corollary 3 are natural extensions of
a known fact that the cascade of an ISS system and a globally
asymptotically stable system is globally asymptotically stable.
It is known that the cascade connection of ISS systems is
ISS[6]. A Lyapunov-type proof can be found in [18], [9]. The
same fact can be also extracted from Problem 1 as a special
solution.
Corollary 4: The cascade system X is ISS with respect to
input r and state x if (p1, p2) € Sy holds.

IV. EXTENDED PROBLEM FOR STATIC SYSTEMS

This section discusses extention of the state-dependent
scaling formulation and defines a second mathematical prob-
lem. Its importance and usefulness for establishing stability
properties of interconnected systems involving static systems
is demonstrated.

A. Problem Formulation

Consider the interconnected system X in Fig.1 again. In this
section, we assume that X; is a static system described by

21 D21 = hl(t,ul,rl) . (74)

This system is connected to the dynamic system X5 defined in
(9) through uy = z7. The state vector of the overall system %
isz = xo € R™, and n = ny. It is assumed that hq(¢,0,0) =0
holds for all ¢ € [ty, o0), tg > 0. The function h; is assumed to
be piecewise continuous in ¢, and locally Lipschitz in the other
arguments. Instead of working directly with hy, we assume
we know a function pi(z1,u1,r1) satisfying the following
condition:
Assumption 2: The inequality

pl(zl,ul,rl)ZO, vulesz,Tlele,t€R+ (75)

is satisfied with a continuous function p; : (21, u1,71) € RP2x
R™ x R™ — R satisfying p1(0,0,0)=0.

For convenience, we call p; a supply rate although energy
is never stored by any static system. For the dynamic system
Yo, we assume that Assumption 1 is satisfied.

The problem of establishing stability of the interconnection
> comprising a dynamic system and a static system can be
formulated into a mathematical problem called Problem 2.

Problem 2: Given a continuously differentiable function
Vo i (t,z2) € Ry x R™ — R, and continuous functions
p1 ¢ (z1,72,71) € RP2 X R™ x R™ — R and p,
(x9,21,72) € R™ x RP2 x R™2 — R, find continuous
functions A\; : (¢, 21,22,71,72) € Ry X RP2 x R™2 x R™ x
R™ — Ry, A2 : s € Ry — Ry, an increasing continuous
function & : s € [0, N] — R4 and a continuous function
1 (21, 29,71) € RP2 x R x R™ — R satisfying

A2(s) >0 Vs e (0,00) (76)
SIE)I-([)l+ Aa(s) < o0 (77)
/ Aa(s)ds = (78)

(s)>0 Vselo,N] (79)

@1(21,502,1"1) >0, Vz1 €RP? 2o € R™, 1 e R™* (80)
such that

A1(t, 21, 2,71, 72) [—&1(p1(21, 72, 71))
+&1(p1(21, 22, 71) + p1(21, 22,71))]
+A2(Va(t, 22)) p2(x2, 21,72) < pe(w2,71,72),
Vz1 €RP2 zo e R™2 1y e R™  rg e R™2 t€Ry (81)

holds for some continuous function p, : R™ x

R™1 x R™2 — R satisfying

($2,T1,T2) €

pe(22,0,0) <0 ,Vax € R"\ {0}
where N € [0, 0] is defined by
N =

(82)

[p1(21,22,71) + p1(21,22,71))] (83)
(z1,x2,r1 ) ERP2XR™2XR™1

Theorem 7: The equilibrium = = 0 of the interconnected

system 3 is globally uniformly asymptotically stable for

r(t) = 0 if there is a solution {\1,\2,&1, 1} to Problem

sup
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2. Furthermore, a C! function V; : (t,z) € Ry x R"2 —
R defined with the solution {1, A2, &1, 1} as
Va(t,x2)
Va(t, z2) :/ Aa(s)ds (84)
0
satisfies (18) for some class Ko functions «;, &, and (19)
holds along the trajectories of the system ..

Remark 1 is applicable to (82) and Theorem 7. When &; ()
is affine in s, the inequality (81) becomes

A& (p1) + A2 (Va)pa < pe -

The function ¢, disappears from (81), so that, in the case of
affine &;(s), a solution to Problem 2 becomes the triplet {1,
A2, &1}. Problem 2 is milder than Problem 1. More precisely,
Problem 1 has a solution only if Problem 2 is solved with
&1(s) = s and ps = ny in the following sense.
Lemma 2: Suppose that a continuous function p,

(x1,29,71,72) € R™ X R™ x R™ x R™ — R satisfies
(16) and

(85)

sup  pe(x1,x2,11,72) < 00, Vg €R™ r; eR™ (86)
xr1ER™1

sup  pe(x1,x2,0,0) <0,
xr1ER™1

Vo, e R™\ {0} .  (87)

Then, there exists a continuous function p.
R™ x R™ x R™2 — R such that

: (LC27’I’1,7“2) S

pe(21,22,71,72) < pe(22,71,72), VI; €R™ r; eR™ (88)

Pe(22,0,0) <0 Vg € R™\ {0} . (89)

As explained in Remark 2, even in the presence of static
systems, classical stability criteria such as the £, small-
gain theorem, the passivity theorems, criteria of Popov and
circle types [1], [23], [24], [25] do not make use of the
extension introduced by Problem 2. Indeed, due to Lemma
2, the classical criteria are explained by constant \;’s and
¢1(s) = s which form a solution of Problem 1.

B. Interconnection of ilISS and Static Systems

Consider supply rate functions in the form of
pi(z1,u1,7m1) = —a;(|z1]) + o5 (Jua]) + ori(fre])  (90)
p2(T2,uz,72) = —ai([x2]) + oi(|ua]) + ra([r2]) - (O1)

It is supposed that o, o4, 0., € Py are known, but exact
information of the differential equations (74) and (9) is not
required. Define the following set of supply rate functions.

ar €K, o1 €K, o.1€Py
S5 = : . (92
5 {(01,[)2) 0y €P, o2 €K, 09 Py } (92)
This set satisfies
SQCS5CS1, S, CSCSCS. 93)

Theorem 8: Suppose that supply rate functions (p1,p2) €
S5 are given. Assume that

lim o1(s) < lim a1(s) or oy € Ko 94)
§— 00 §— 00
holds, and there exist ¢; > 1, ¢ = 1,2 such that
€209 © afl ocio1(s) < as(s), VseR, (95)

is satisfied. If one of

c1limsupo,(s) < (e — 1) liﬁm a1(s) or aj € Ks(96)
s—00 §—700

lim o9(s) < 0o 97)
s—00

is satisfied, the following hold.

(i) Problem 2 is solvable with respect to a continuous
function p.(x,r) of the form

pe(w2,7) = —aa(|za|) + oal|r])),

ag €P, 0Py . (98)

Furthermore, o € K is guaranteed if ag € Koo.
(ii) A solution to Problem 2 with respect to (98) is given by

A =Xe=v, ¢i(s)=ai(s) (99)
€1(s) =og0ai(s) (100)

where v is any positive constant. In the case of (97), the
domain of & is extended by

&1(s) =s—h+ lim oa(s) for s € [h,00)(101)
5— 00

h = Slggo ai(s) .

(iii) If 0,1(s) = 0 holds, the conditions (94) and (95) are
replaced by

lim o1(s) < lim a;(s) or aj € Ko (102)
S§— 00 S§—00

€209 O a;l oo1(s) < as(s), Vse R (103)

respectively.
The case of (p1, p2) € S1 which is not covered by Theorem
8 can be dealt with by Theorem 4 due to the inclusive relation
between Problem 1 and Problem 2, i.e., Lemma 2. Note that
(47) is replaced by

loa()]F < cren(s), cao1(az(s) < (@ ()] (104)

since Vi(z1) = ay(|z1]) = ai1(Jz1]) = |z1| can be used
fictitiously for the static system X:;. In contrast, for S, S3 and
Sy, it is no use relying on solutions to Problem 1 although
Lemma 2 is valid. In fact, Theorem 8 not only covers Ss
which is broader than S;, Ss and Sy, but also provides less
conservative conditions for the existence of solutions than The-
orem 2, 3 and 5 in each case of S3, S and S4. Consequently,
Theorem 8 indicates that stability of interconnected systems
can be established by milder conditions in the presence of
static systems. This fact is summarized by the following.

Corollary 5: Suppose that 3; is static. The interconnected
system 3 is iISS with respect to input r and state zo if one
of the following is satisfied.

(i) (p1,p2) € Sp holds. There exist ¢; > 0, ¢ = 1,2 and
k > 0 such that (104) and (48) hold.

(ii) (p1,p2) € S5 holds. The condition (94) and one of (96)
and (97) are satisfied. There exist ¢; > 1, ¢ = 1,2 such
that (95) holds.

Furthermore, if as € K, the interconnected system 3. is ISS.

Corollary 6: Suppose that 3, is static. The cascade system
Y. is iISS with respect to input 7 and state x, if one of the
following is satisfied.
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(i) (p1,p2) € S1 holds. There exist ¢; > 0 and k > 0 such

that
[02(5)]" < craa(s), Vs €R, . (105)
(ii) (p1,p2) € S5 holds. Either of
limsup o,1(s) < glgglo ai(s) or a; € Ko (106)

5—00

and (97) is satisfied.

Furthermore, the cascade system Y. is ISS if as € K is
satisfied additionally.

Remark 10: For static systems, the inequality constraints
in (94) and (106) can be assumed without loss of generality.
Violation of the constraints implies that the functions «; o0y
and 0,1 form a unreasonably loose bound for the system ;.
For instance, in the case of r1(t) = 0, if o1(c0) > @1(0)
holds, Assumption 2 does not guarantee that finite wu,/(¢)
results in finite z1 (). This fact contradicts the assumption that
hi(t,u1,0) is locally Lipschitz with respect to u; on R™v1,
Thus,

Jig o1(6) < Jim o)
is necessary for excluding the unreasonable case. In the same
way, unless the inequality

Jim () <l ()
holds, the static system hq(t,u1,71) satisfying Assumption 2
is not guaranteed to be locally Lipschitz with respect to w1 on
R™t however small r; > 0 is. When u; is absent, we need

limsupo,1(s) < lim «q(s)

5—00 §—00
to ensure that the static system Y; defined by Assumption 2
is locally Lipschitz in r; € R"".

Remark 11: When {a; € K\ K, 01 € K, 041 € Py}
achieves Assumption 2, there exists another triplet {¢; € Koo,
61 € K, 6,1 € Pp} satisfying Assumption 2, provided that
(26) holds. However, this transformation sometimes causes
conservatism in evaluating (95).

V. EXAMPLES

This section illustrates the effectiveness of the state-
dependent scaling approach through several simple examples
of the interconnected system ¥ in Fig.l. It is shown how
scaling functions are obtained explicitly, and how they give
Lyapunov functions establishing stability properties of X. The
first two examples demonstrate that the state-dependence of
scaling functions, i.e., ‘non-linearly scaled combination’ of
supply rates is vital for dealing with nonlinearities which are
not covered by classical stability criteria.

Example 1: Consider the following equations.

2 2
. T T
> = — 3 107
L (1?1—|—1> + (172—|—1> ( )
. 4.132 21,‘1
Yot = — 6 108
21 43 PRI L | + 672 (108)

xl(O),xg(O) S R+7 T‘Q(t) S RJr .

The interconnected system X is defined for x = [xl,mg]T €
R3 and 7o € Ry. Indeed, 2(0) € RY and ro(t) € Ry, Vi €
R, imply that z(t) € R?,Vt € R,. Although this example
is for a compact illustration of theoretical development in
this paper, it is motivated by models of biological processes
which usually involve Monod nonlinearities and exhibit the
non-negative property. The two systems are iISS with respect
to input (u;, r;) and state x;, where u; = x5 and us = x; hold,
and ry is null. Neither 3, nor 5 is ISS with respect to input
(u;,7;) and state x;. Due to the non-negative property, the
simplest choices of supply rates for 37 and >, are p; = @1 and
p2 = @9 associated with iISS Lyapunov functions Vi(z1) =
21 and Vo (o) = 9. It is not difficult to calculate A;(x;) and
A2(x2) achieving the scalar inequality (15) of Problem 1. The
sum of scaled supply rates is

S(z,m2) = Ap1+ A2p2

2
X1 €Tq
— A —2X
[ ! (:c1—|—1> “ri+1
x2 Z2 ?
— [4X — 3\
[ 2(E2-‘r1 1<$2+1>

There are no constants Aj, Ao > 0 which render S(x,0)
negative definite. Thus, we need to introduce a function to
at least one of A\; and \s. Since p; = #; and py = @5 yield

al(s)(s;)z’ o1(s)=3 <sj—1>2

4s 2s
wl)=7 =0
which fulfill (p1,p2) € Si, we use Theorem 4 to obtain
{A1, A2} satisfying (15). The inequalities in (47) are obtained

as
S k S 2
ok < B Vs eR
<s+1> _61(3—1—1)’ € Ry

2 k
S S
3 < 4k Vs e R, .
02<s+1> - (s—i—l)  VSERy

These two inequalities and 0 < ¢; < co are achieved by k = 2,
¢1 =4 and ¢ € (4,16/3]. Thus, the iISS property of ¥ with
respect to input 7o and state x follows from Corollary 1(i).
Theorem 4 provides a solution to Problem 1 as

Ai(s) =1, Xa(s)=bs/(s+1), be[1.6119,2) .

+ 6)\2’/’2 .

, 0r2(8)=6s

(109)
An iISS Lyapunov function of X is obtained from (17) as
Va(x) = a1 + b(zg —log(z2 + 1)), b€ [1.6119,2) .

The value of A\1p; + Aopo with (109) and b = 1.7 is plotted
on the state space in Fig.4. For visual simplicity, the surface
is drawn for 7o = 0. It is observed that the surface of \ip; +
A2po is below the horizontal plane of zero. This confirms that
Problem 1 is solved by the choice (109),

Example 2: Consider

. 2.%‘1 X9
Sy cd = — 2 4(0) e Ry (110
11T ol z2+1,$1()€ + (110)
4
Sy i@ = —— 2 4ar, w(0)€Ry . (111
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The interconnected system X satisfies = € Ri orallt e R,.
The choice Vi (x1) = x; yields Vi = py (21, 2z2) for
2s S
al(s) = 8—1_717 Ul(s) = m .
Since (35) holds, the system X7 is ISS with respect to input
z9 and state x;. The system X5 is not ISS since we have
xg — 00 as t — oo for x1(t) = 5. The system X is iISS
since the choice V5 (x2) = xo gives Vo = pa(x9, x1) and
4
= s—i—isl’ oa(s)=s .
It is easily seen that Problem 1 is not solvable by any constant

A1 and Ay. Due to (p1, p2) € S2 and (35), Theorem 3 can be
used for finding A\; and Ao, From

as(s)

C1C2S8
(2—c1)s+2
it follows that (39) is identical with the pair of 8 —cjco —4c) >
0 and ¢; < 2. Since there exist such ¢q, ¢g > 1, we have (39)
fulfilled. In addition, we obtain (43) as well as (38) for k =1
from

Co09 0 al_l ocio1(s) =

oa(s)  s+1  as(s)

ai(s) 2 7 ay(s)

According to Corollary 1(ii), the origin x =
asymptotically stable. A solution

Txo

Ao(x2) = 2yt 1

of Problem 1 is given by (29) and (30) with ¢; = 1.2, co = 2.5,
g=2,v= 201_102_2/3 and § = 0.9044. A Lyapunov function

of X is given by (17) as

=4.

0 is globally

A1) = 21(21 + 1), (112)

3 2
Va(z) = % + % 4 7(zo — log(as +1)) .

Figure 5 illustrates that the choice (112) solves Problem 1. It
is worth noting that the solution and the stability cannot be
derived from Theorem 4. In fact, the first inequality in (47) is
not achievable by any £ > 0 since we have

2s
[a(s)]F = 5%, aals) = 5 -
Example 3: Consider
Y@y =—x1 —2) +ywe, 21(0) €R - (113)
Yo dg = —x9 — a5+ w1, z2(0)€R (114)

and their ISS Lyapunov functions V;(z;) = z3/2, i = 1,2,
considered in [26]. Supply rates

2 2,..2
%z—xf—x?%—%xixjﬁ—?z—xf—i—%

are obtained by using Young’s inequality. The sum of scaled

supply rates is
S(IE) = /\1,01 + )\ng

2 2
T

X
= —hizy = dowy — (M — 7§>\2)§1 — (M2 = M)

2
It is straightforward that Problem 1 is solved by ‘constants’
A1 and \g satisfying

0< MY <A< Ay 2. (115)

Sum of scaled supply rates

Fig. 4.

Sum of scaled supply rates

Fig. 5. State-dependently scaled combination of supply rates in Example 2.

Thus, the origin z = 0 of the interconnected system X is
globally asymptotically stable for |y;7y2| < 1. With ‘any
positive constants’ A\; and Ao, Theorem 1 also guarantees that,
if |12 > 1, there exist a bounded set toward which the
state x converges. The set is easily determined by the smallest
level set of V; = A\ Vi + AoVs including S(x) > 0. The
question of ’global’ asymptotic stability also fits in formulas
presented in Subsection III-C. For example, we can apply
even the most restricted formulas in Theorem 4 by considering
k=1, pe = —Mat — Xax3 + pe. and a;(s) = s* + a;(s).
Since p. is only required to be semi-negative definite for the
global asymptotic stability, the equal sign is allowed in (48).
The set of ¢; < ¢y and (47) is identical to |y1y2| < 1, and it
ensures the ‘global’ asymptotic stability. The formulas in (50)
give (115) at the same time.

VI. CONCLUSION

In this paper, stability criteria for interconnected iISS and
ISS systems have been derived. In the course of the devel-
opment, this paper has presented a new framework of state-
dependent scaling for establishing stability properties of inter-
connected dissipative systems. State-dependent scaling prob-
lems are introduced as unified formulation without limitations
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on supply rates. The formulation can be considered as seam-
less incorporation of the dissipative approach[1], the integral-
type of Lyapunov functions[18], [20] and the ISS small-
gain technique[19]. If we restrict our attention to traditionally
popular supply rates, classical stability criteria can be extracted
as special cases where calculation of solutions to the state-
dependent scaling problems is straightforward. The criteria are
viewed as sufficient conditions for the existence of solutions.
The solutions lead to Lyapunov functions of interconnected
systems immediately. Unfortunately, it is not possible to find
solutions of state-dependent scaling problems systematically
for arbitrarily general systems. The existence of solutions is
not trivial in general either. This fact motivated the author
to deeply investigate the issues of how to obtain solutions
and when they exist for systems which are not covered by
stability criteria available previously. For this purpose, this
paper has focused on interconnected systems consisting of iISS
and ISS systems. As a result, explicit formulas for solutions
have been derived. Sufficient conditions for the existence have
been obtained as small-gain-like theorems which generalize
the ISS small-gain theorem smoothly.

The developments of this paper have brought up some in-
teresting issues. Further research is needed to pursue solutions
to the state-dependent scaling problems for various types of
supply rate. It is worth stressing that analytical computation
is not the only way to make use of the developments of this
paper. Using increasing power of computers and softwares, we
can seek solutions numerically. While analytical investigation
this paper mainly focuses on gives us guarantees of the
effectiveness for some representative types of supply rate,
numerical computation allows us to try to find solutions for
more general supply rates. Computational methods in control
theory have increasingly attracted public attention recently.
Some examples are sum of squares programming[28], [29] and
convex relaxation techniques which combine computational
algebra and convex optimization. Problem 1 is jointly affine
in the parameters A; and A2, and Problem 2 is also jointly
affine in these parameters. The affine property should be
advantageous to numerical computation. It is an important and
practical direction of future research to seek efficient numerical
optimization algorithm for state-dependent scaling problems.
Another direction of future research is to pursue analytical
formulas for supply rates which are more general than the
iISS property. This paper assumes that supply rates are given
a priori for individual systems. For a practical example of
the iISS property and manipulation to obtain functions of
supply rates, the readers may refer to [8]. The issue of how
to determine supply rates systematically in practice has not
been answered satisfactorily in the literature yet. It needs to
be addressed in the future.

APPENDIX

A. Proof of Theorem 1

The function V. (¢, ) defined by (17) is C* since \; and o
are continuous. The assumptions of (10) and (12)-(14) imply
the existence of a,;, & € Koo satisfying (18). Due to (11), the

time-derivative of V,;(t, z) along the trajectories of 3 satisfies
Ve | OV fit Ve
ot 8$1 8:62

From (15) we obtain (19). The property (16) guarantees global
uniform asymptotic stability of = 0 when () = 0.

o < M(Vi)pr + Aa(Va)pa

B. Proof of Theorem 2
(i) and (ii) for oy € K: Define § and choose ¢ as
§=gaT,

§<o<1. (116)

The inequality (32) and co > 1 ensure the existence of ;v and
i satisfying 0 < i < p and

PN
Cafb 1
) > . 117
(%) = o
Suppose 7 > 1. Then, there exists 7,. > 1 such that
1 1 < 1
1__>5<1—) (118)
T T T

is satisfied. Define 6, € K and 6,1 € Py as follows:
01(s) =@y 0 ozl_l oto1(s), 6Or1(s)=ayo0 ozl_l o 7.0p1(8)

Combining calculations in individual cases separated by
ar(z1]) > Tor(|z2]), ar(zi]) < Tor(lz2]), a1(lzi]) >
7001 (|r1]) and oy (|z1|) < 7-071(]71]), We obtain

M(Vit 1)) {—aa(|21]) + o1(|22]) + ora(ri])}
S g (—1 + 71_> /\1(V1(t,x1))a1(|a:1\)
+A1(01([z2])) o1 (lz2]) + A1 (0r1 (1)) o (Jr1]) (119)

on the assumption that \; is non-decreasing on R . Using

1 1
-+ -=1, (120)
p q

we define p > 1. The property 0 < i < p guarantees the

existence of p, > 0 satisfying

%z%+%. (121)
I T

Using Young’s inequality, we obtain

A2(Va(t, z2)) {—aa(|22|) + o2(|21]) + ora(lr2])}
< Ao (Va(t, x2))az(|z2)

vg |1 ([ pd "o q
+ [p <WA2<V2<t,x2>>) + ()

1 14 P q
—&-5 (Vgur )\2(‘/2(75,332))) + ?gr2(|r2|)q] (122)

Define p.(x,r) with

ac(s)=min {(5 — )= h @y (e e ()

s=|xz| T
+(1 =) Aa(aa(|@2]))az(|z2]) }
oal(s) = max A @1 (Ira]))ori(fral)

+v (*Z)q 0'7‘2(|7'2|)q} .
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The inequality (15) is achieved if the pair of A\; and Ay solves
q

—577_1& (s)on(ay'(s) +v (Z) [oa(a7(s)]9<0 (123)

;1) <1q> Kl — Mafs)an(az(s))
+A1(01(2z ' (5))o1(ay ' (s) <0 (124)

for all s € R, and if A\; is non-decreasing. Here, as € K is
assumed in obtaining (124). Substituting Ao given by (30) in
(124), we obtain

M (01(5))o1(s) < vldas(ay (s (s))]? Vs € Ry

Hence, the pair of (123) and (124) holds if the non-decreasing
function \; given by (29) satisfies (125) and

(125)

vpitlos(agt(s)))?
a8 (T —1)an (a; ' (s))
The choice of \; satisfies (126) with 7 = ¢; by virtue of (116)
and (117). It also satisfies (125) if

[e20a (e (01 (w)]? _ [o2(d; * (an(5))]?
ar(ay (0i(w))) c101(s)

holds for all se R, with 7 = ¢;. Suppose (27) holds. Due to
the maximization in (27) we have

<Ai(s), VseRy,.  (126)

(127)
we|0,s]

Co09 ogfl 0@ o aflo c101(s) < ago 6451 o ay(s)

for all s € R,. The increasing property of the left hand side
of this inequality implies

m[ax] Co079 ogl_lo Qy o ozl_lo cro1(w) < ago 642_10Q2(8) .
wel0,s

Combining this with (27), we obtain (127) for ¢ > k. Thus,
if (27) is satisfied, the non-decreasing functions A; and Ay in
(29) and (30) achieve (123) and (124) for 7 = ¢;.

(i) and (iii) for s € P\ K: The function &s € K exists since
the left hand side of (27) is non-decreasing and o1, 0y Lo Qo
€ K. The inequality (15) holds with ay if it holds with Gs.

C. Proof of Theorem 3

Case (36): The proof of Theorem 2 leads to the claim if
7, and § are chosen carefully. The definition of #,; requires
T limsup,_, o 0r1(s) < limg 00 a1 (s). The choice 7 = ¢4
and (118) require 7, to satisfy 7. > ¢;/(1 — 0)(c; — 1). Such
7, and a number § satisfying § < § < 1 exist if (36) holds.
Case (37): The definition (29) implies Ay € K \ Ku,
which guarantees sup;cg, ,,ermi A1(Vi(t21)) < d for
some finite d > 0. Remove 7, and 6,; and replacing
)\1(97~1(|7‘1|))0'7«1(|T1|) with da’rl(‘rl‘) in (119).

D. Proof of Lemma 1

(i): Suppose that (38) and (39) hold for a constant k£ > 0.
Since a, is class K, we have

[c209 © gl_l o@p 0 al_lo croy(s)]*

0'1(8)

__1 k
< pf (02002 2@ jhe
wE[s,00) al(w)

This implies (27). Conversely, we assume (27) for a constant
k > 0.Letn:s € R = Ry denote the left hand side
of (27). The function 7 is continuous and non-decreasing in
s € Ry due to the maximization, and it satisfies 7(s) > 0 for
all s > 0. Define a function &s € K by

aa(s) = [noay " o as(s)]/*lor 0 ay! o as(s)]V" .

From (27) we obtain (40), (41) and (42).

(ii): On the assumption of (43), the condition (39) implies
(27). Conversely, we assume (27) for a constant £ > 0, which
is equivalent to (128). Define 7 : s € Ry — R as the right
hand side of (128). The function 7 is continuous and non-
decreasing in s, and it satisfies 7(s) > 0 for all s > 0. Let
d = limg o0 gfl o@ o afl o ¢101(s). Choose a function
09 € K so that

cdzoart odoart ociai(s) = [n(s)]*[ou(s)] /"

is satisfied for all s € R and (44) holds for all s € [d, 00).
The existence is guaranteed since the right hand side is class
K. Then, we obtain (45) and (46). The condition (128) implies
(44) for all s € [0,d).

E. Proof of Theorem 4

(i) and (ii) for k = 1: Using (47), we obtain \1p1 + Aaps <
7()\1 — )\201)0[1(8) — ()\2 — )\1/62)0[2(8). Let pe(:c, T’) be

pe(z,7) = —(1 = 0) [Mar(|z1]) + Agaa(|72])]
+A10m1 (1)) + Aaora(lra]) -

The inequality (15) is achieved with (50) since the pair of (48)
and (51) guarantees ¢; > dc; and 63¢cy > c;.

(i) and (ii) for k > 1 and ay € K: Set ¢ = k. Let 1 and [ be
any positive constants satisfying

(A/u)" =6 .

Let p > 1 be defined by (120). Since (48) and (51) imply
0 <6 <1, we have 0 < & < p which ensures the existence of
e > 0 satisfying (121). Using Young’s inequality, we obtain
(122). Define

aci(s)= minl(l = 0) M (z1]) + Aa (@ (|z2])) ez (|2 ])]

s=|z

(129)

q
acl(s)zrrif‘%xl {)\101»1(7’1) +v </g> va2(7’2|)q} .
The function p.(z,r) with \; > 0 and Ay € K given in (50)
satisfies oy € P and o € K. Define \; as in (50). A sufficient
condition for (15) is obtained as

_ra

q
621 daq (Jz1]) + v (g) oo(|z1])? <0, Vo €R™ (130)

1\ 77 g-1 TR 22))as(|z
<Vq> T (Valt22)) X2 (Va(t, x2))aa(|z2])

52101(|x2|) <0, Vo, eR™, VieR, .(131)

Due to (129), the inequality (130) is identical to [o2(s)]? <
c1a4 (s), which is implied by the first inequality in (47). Since

+
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g € K is non-decreasing, the inequality (131) holds if

vc _
+5201(a3"(s) <0,

is satisfied. This inequality (132) is equivalent to

o1(ay ' (5)) < vé[an(ay ' (s)))?

VseR,  (132)

vcy
=
when Ay € K is given by (50). Due to (51), the above
inequality is identical to the second inequality in (47).
(i) and (iii) for k < 1 and a3 € K: Switch p; and po,
and repeat the argument above with k¥ = 1/¢ by exchanging
subscripts 1 and 2 each other.
(i) and (iv) for o; € P\ K: The existence of ¢&; € K satisfying
follows from (47) and ai,gjl, d;l e K.

FE. Proof of Theorem 5

(i) and (ii) for o1 € Koot Let 6 be a real number satisfying
0 <éd<d <1, and set 79 = ¢o. For each ¢ = 1,2, there
exists 7,; > 1 such that

1 1 - 1
)
Ti Tri Ti

is satisfied since 7; > 1. Define 0; € K and 0,.; € Py as

0;(s) = @; o ozi_l oT;0i(s), 60ri(s)=a;o0 ozi_l 0 TriOri(8)

for ¢ = 1, 2. Since the functions \; : Ry — R, i = 1,2 given
in (62) and (63) are non-decreasing, we obtain

N(Vit, ) {—aa(i]) + i) + ovi(lri)}
<3 (=142 ) MaaiDas i)
Fi (0 ([us])) o ([ug|) + Xi(@ri(|73]))orr (Jri])  (133)
for i = 1,2. Thus, the inequality (15) is achieved if

M (02 ()ors () < 52—

——Xa(ay(s))az(s), Vs € Ri(134)
2

Ao (02 (5))oa(s) < 61— !

—i(ay(s)an(s), Vs € R4(135)
1

hold. In fact, a; € Ko and o, € Py in (61) are

) = min (5 = 8) S~ T (e i)

s=|z]| i—1 3
2
o) = mas S Aol
==

It is seen that (134) and (135) are fulfilled if A\ and Ay achieve

0D 2D 0 e (9D 4)

> 03()01 (a5 (B2(5)) M (61 (3 (6 (5))) (136)
MO ()01(5) = 52— Ny (s))0a(s)  (137)

T2

for all s € R,. Here, 0o € K is assumed in obtaining
(136). From s < ggl o as(s) it follows that 7o09(s) <
o (s Y(02(s))). Thus, (136) is implied by

o1(az (02(5))) A1 (01 (a3 '(62(s))))
<Pm=DE =D o (a(s) . (138)

T1

Remember that 1 and as are non-decreasing. Using (62) and
071—1 o a;(s) < s, we can verify that the inequality (138) is
satisfied if

TI01 og;lo Oa2(s) <aqo 541_1 oay(s), Vs € Ry (139)

i —010 ay "o b (s)
(Fn 1) (1]

< ajo dflo a;(s), Vs € Ry (140)

hold. Since 7 < ¢ and 75 < ¢ hold. the inequality (60)
guarantees (139). Due to (66), the inequality (60) also implies
(140). On the other hand, using

A oay oa; t(rs) = vi(s) [z 0 crl_l(s)] s

froay'(s) =aroa; ' omoroay'(s)
we can verify that A\o(s) given in (63) solves (137). Hence,
the inequality (15) is achieved by A\; and Ao given in (62) and

(63). In the case of 09 € K\ Koo, there is 69 € K, such that
02(s) < G2(s) and

gflo IR aflo 1o ogglo Qg © aglo Co02(s) <'s
hold for all s € R;. We can repeat the argument below (136)
with 5. Note that (62) and (63) do not involve os.

(i) and (iii) for 01 € K\ Koo: The function 1 € Ko exists
since the right hand side of (60) is class K.

G. Proof of Theorem 6

(i): Suppose that (47)-(48) holds for some ¢; > 0, co > 0
and k£ > 0. Then, it follows that

[¢a09 0 gfl oa o aflo érop (w)*

max < ¢k

we|(0,s] 0'1(11)) R
[z 0 @5t 0 ay(s)]F

C2 =

o1(s)

hold for all s € Ry with arbitrary ¢;, ¢ > 0. Let ¢, =
(c2 /clél)l/ ¥ On the assumption (48), there exists ¢; > 1
such that ¢; > 1 holds. Thus, we arrive at (27).

(ii): Due to (27), we obtain (60) from

[z 0 @5 " 0 ay(s)]*

o1(s)

[caos © gl_l o@p o al_lo croq(s))*

o1(s)

<

H. Proof of Corollary 3

(i): The claim is obtained from Theorem 4 immediately.
(ii): The proof is different from the case of (iii) in the following
points. The number § > 0 in (32) can be made arbitrarily small
by choosing sufficiently large ¢, co > 1. Thus, we obtain (72)
from (36) and sufficiently large c;.

(iii): The proof is the same as that of Theorem 2 up to (126)
and (125). The inequality (125) is satisfied automatically due
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to o1 = 0. The condition (73) guarantees that the choice (29)
of A; solving (126) is non-decreasing.

(iv) and (v): Exchanging subscripts 1 and 2 with each other,
we consider the configuration in which ¥ is driven by 3.
Since u9 is absent, we can choose an arbitrarily small oy €
K\ Ko fictitiously so that (27) is satisfied. Then, the proofs
of Theorem 3 and Theorem 2 prove the claims.

1. Proof of Theorem 7

The increasing property of &; and the inequalities (75) and
(80) yield &1(p1) < &i(p1 + p1). For Vi given in (84), the
existence of a;, & € Ko in (18) is guaranteed by (10) and
(76)-(78). The time-derivative of V,; satisfies

Vg OV
ot | or

fo < Ai(t, 21,22, 7) [=&1(p1)+
§1(p1 + p1)] + A2 (Va(t, 22)) p2

along the trajectories of ¥ since the range of A; is in R
and V5 satisfies (11). The inequality (19) follows from (81).
The property (82) implies that zo = 0 is globally uniformly
asymptotically stable when r(t) = 0.

J. Proof of Theorem 8

(i) and (ii): Define § and ¢ as 0 < 6 = 1/co < 1 and
0 < ¢ =1/(c; —1). Then, we obtain

o2(luz]) < & (o1(|22]) + o1 (lr1]))
<ozoaito (141/¢)01(|a2|)

+&10 (C+D)om(|r])  (141)

from (75) and (92). Pick

Pe(93277”) = 71/(175)0‘2“‘%2‘)
+v&1 o ((+1)ori () + vora(|ra|) -

The inequality (81) is satisfied if (95) holds. If a1 € K\ Koo
and o9(00) = oo hold, we need ((+1)limsup,_, ., or1(s) <
aq(00) in (141), which is the first inequality in (96).

(iii): The term of 0,1 disappears from (141). Thus, we can
replace (1+1/¢) with 1.
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