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Abstract—This paper is concerned with conditions for the
stability of interconnected nonlinear systems consisting of integral
input-to-state stable(iISS) systems with external inputs. The
treatment of ilSS and input-to-state stable (ISS) systems is
unified. Both necessary conditions and sufficient conditions are
investigated using a Lyapunov formulation. In the presence of
model uncertainty, this paper proves that, for the stability of
the interconnected system, at least one subsystem is necessarily
ISS which is a stronger stability property in the set of iISS. The
necessity of a small-gain-type property is also demonstrated. This
paper proposes a common form of smooth Lyapunov functions
which can establish the iISS and the ISS of the interconnection
comprising iISS and ISS subsystems whenever the small-gain-
type condition is satisfied. The result covers situations more
general than the earlier study and removes technical conditions
assumed in the previous literature. Global asymptotic stability is
discussed as a special case.

Index Terms—Nonlinear interconnected systems, Integral
input-to-state stability, Small gain condition, Necessary condition,
Lyapunov function.

I. INTRODUCTION

HE problem of establishing stability of interconnection

has always been a fundamental issue within the systems
and control community. As the nonlinearities we are dealing
with are growing more complex, it becomes more difficult
to derive conditions under which interconnected systems are
stable. In order to succeed in analyzing and designing a wide
range of nonlinear systems, we need stability criteria which
are not only universal, but also accommodate nonlinearities
effectively. For about a decade, the input-to-state stability (ISS)
property has been a useful way to characterize nonlinearities
in view of stability [22]. It did not take a long time for
the ISS framework to be appreciated by the emergence of
the ISS small-gain theorem [14], [15], [25]. The ISS small-
gain theorem provides a sufficient condition for the stability
of a feedback system comprised of ISS subsystems. The
ISS small-gain theorem makes use of the idea of nonlinear
loop gain, which is also implemented as a slightly different
differential inequality in [19]. There is another important class
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of systems which are not necessarily ISS. This is characterized
by the integral input-to-state stability (ilSS) property [2], [23].
Those systems have finite nonlinear gain only in a very weak
sense(See [13] for an illustrative example). In contrast to ISS
systems, because of the weakness of gain, the cascade of iISS
systems are not always stable [3], [4]. In spite of such a
weak gain property, a stability criterion covering iISS systems
in feedback configurations has been developed recently by
one of the authors [10], which is a result of the Lyapunov
constructive approach presented in [11]. The criterion gives a
sufficient condition for iISS property of interconnected iISS
systems in the form of a small-gain property. The possibility
of establishing stability for the feedback interconnection of
iISS systems by means of gain conditions is followed up by
a nullcline approach [1] in the absence of external signals.
Generalizing the proposed result of [1] to the case of external
stability with respect to external signals is by no means easy.
As a matter of fact, the relationship between the nullcline
approach and the Lyapunov constructive approach has not been
investigated yet.

The purpose of this paper is mainly threefold. One is to
derive necessary conditions for the stability of interconnected
systems in order to show how reasonable small-gain-type
criteria are. Another is to unify the treatment of ilSS and
ISS systems by merging the two types of small-gain con-
ditions derived from the two types of Lyapunov functions
dealing with iISS and ISS separately. The third objective is
to provide Lyapunov functions in the situations considered
by the nullcline approach to global asymptotic stability(GAS)
in the absence of external signals. We place an emphasis on
Lyapunov functions to accomplish all the points. The previous
work [11] employs nonidentical Lyapunov functions for the
ISS case and the iISS case. This paper develops a single
unified formula applicable equally to iISS systems and ISS
systems. The condition of a small-gain type proposed in [11]
for iISS systems looks more complicated and more restrictive
than the small-gain condition for ISS systems. This paper
not only merges the two small-gain-type conditions, but also
removes the assumption of uniform contraction used in [11].
The removal of the uniformity assumption allows the nonlinear
loop gain to approach unity asymptotically as the magnitude
of signals tends to zero and infinity. The unification and the
generalization of Lyapunov functions also enable us to come to
the point where the necessity of the small-gain condition holds.
Furthermore, it is shown that at least one of the subsystems
in the loop needs to be ISS with respect to feedback input.
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The necessity of stability criteria has been an important
issue in the area of robust control, e.g., [6]-[8], [26]. Very
often, it is hard to obtain a mathematical model which com-
pletely captures dynamics of a physical system. Then, there is
a mismatch between the model and the reality which is widely
known under the name of uncertainty. The common idea to
deal with the uncertainty is to model the system as belonging
to a set. Stability margins characterize how modeling errors
might affect the stability of a system by measuring how close
the system is to instability. A stability criterion can provide a
precise measure of stability robustness only if the criterion
is proved to be necessary as well as sufficient for a set
describing the uncertain system. For nonlinear systems, in
a recent paper [1], the tightness of a nonlinear small-gain
condition for stability without external signals is discussed by
means of examples. To the best of the authors’ knowledge, the
necessity of small-gain conditions has not been investigated
in view of Lyapunov functions for interconnections consisting
of general ISS and iISS subsystems with external signals. In
the framework of the input-output theory initiated by Zames
and Sandberg in the 1960s [20], [27], it is worth mentioning
that there have been several important studies on the necessity
of small-gain conditions involving only the linear gains, i.e.,
L,-type gain [9], [21]. Those results have been generalized by
using dissipative inequalities in an integral form [5], where the
notion of conditional gain is introduced to render their new
small-gain property necessary for the input-output stability
of the interconnection made of a nominal system and an
uncertainty. To address the issue of the necessity of small-
gain conditions, this paper not only brings up a weak nonlinear
gain property of iISS, but also develops a new approach based
on Lyapunov functions to obtain GAS of the equilibrium of
interest as well as the stability with respect to exogenous
disturbances. Furthermore, this paper compares the necessity
fact for nonlinear systems with that for linear systems, and
highlights important differences caused by the diversity of
nonlinearity.

The following notations are used. The symbols V and A
denote logical sum and logical product, respectively. Negation
is —. The interval [0,00) in the space of real numbers R is
denoted by R, . The Euclidean norm of a vector in R™ is
denoted by | - |. The identity map on R is denoted by Id.
A function v : Ry — R, is said to be of class K and
written as 7 € K if it is a continuous, strictly increasing
function satisfying v(0) = 0. A function v : Ry — Ry
is said to be of class K., and written as v € K if it is
a class K function satisfying lim, o, v(r) = oco. We write
v € Py for a function v : Ry — R, if it is a continuous
function satisfying v(0) = 0. The set of v € P, satisfying
~v(s) > 0 for all s € Ry \ {0} is denoted by v € P. For a
function h € P, we write h € O(> L) with a non-negative
number L if there exists a positive number K > L such that
limsup,_, o, h(s)/s" < oo holds. We write h € O(L) when
K = L. As for limiting value of functions f,g : Ry — R,
, we use the simple notation lim f(s) = lim g(s) to describe
{lim f(s) = c0o A limg(s) = oo} V {00 > lim f(s) =
limg(s)}. In a similar manner, lim f(s) > lim g(s) denotes
{lim f(s) = o0 V oo > lim f(s) > limg(s)}. A system

. fe—+— 71
a1 El: x1:f1(t,x1,u1,7"1)
u1
(5] .
r Yot ko= fo(t, wa,uz,72) T2

Fig. 1. Interconnected system .

& = f(x,r) is said to be 0-GAS if the O-input system
Z = f(x,0) has a unique equilibrium which is globally
asymptotically stable. Due to space limitation and for want of
readability, several proofs are omitted but are available from

the authors upon request [12].

II. MOTIVATIONAL EXAMPLES

This section illustrates the main features of this paper using
two examples. Consider the interconnected system > shown
in Fig.1, and suppose that the systems ; and X5 satisfy the
following differential dissipation inequalities:

S Sillw)) < —ai(lzil) + oillzs—i)) + ori(|r),
=12, (1)
where the supply rates are given by
2
Bs? 2 4 Bs?
— = = = 2
al(s) SQ"’B’ 0'1(5) S 7a2(5) s, 02(5) 82+5 ( )

for some 8 > 0, v > 0, 0,; € Py and some storage function
S; € Koo, © = 1,2. Note that, for each fixed s, as § — oo,
the above functions in (2) converge to

ai(s) = 82, o1(s) = s2, as(s) = st oa(s) = %5t .

For simplicity, these supply rates are referred to as 5 = co. It
is directly verified that

aytocioioasocaoa(s) <5, Vs ER, (3)

is equivalent to ¢;,/ca < 1/~ for each 3 € (0, oo]. Thus, there
exist c¢1, ca > 1 such that (3) holds if and only if v < 1. This
paper will show that, for an arbitrary pair 0,1, 0,2 € Py, the
function

Si(lz1]) Sa(|2|)
Ve () :/ Al(s)ds—i—/ A2(s)ds 4)
0 0

establishes iISS of the interconnected system X with respect
to input (ry,72) and state (x1,xz2) if v < 1. The integrands
A1, A2 : Ry — Ry derived by this paper are

g dlea=1) (B2 N
Ml =" (c1<<511<s>>2+ﬁ>) ®

Xa(s) = (S5 (s))*" (6)

2
1 1 1 1

=-(1 =~ (142 , d=\/veav/m (7

1 2(+\/5’Y>’02 4<+7> ) yew/ca (7)

__ave 1 -
q‘l—vcl¢a<<cl—1><cQ—1> 1) ®

N 0 R if(cl—l)(02—1)>1
K{ max{1,q} , ©)

otherwise
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Note that, in the case of # < oo, the system ; is not
necessarily ISS with respect to input x2 and state x;, but it
is always iISS. However, ¥; becomes ISS if 5 = oo. This
paper demonstrates that iISS systems and ISS systems can be
dealt with equally by a common small-gain condition (3) and
a common formula for constructing a Lyapunov function of
the feedback loop. In fact, the function V; with functions A1,
Ao defined as in (5)-(9) serves as an iISS Lyapunov function
for each 5 € (0,00] whenever v < 1 holds. In the case of
B = oo, it becomes an ISS Lyapunov function. This paper
will also show that there is always a counterexample when
~ > 1 holds in each case of 8 € (0, o]. Let

, SENE
3
b {lel2+ﬂ

8361 (Jur ) +6m (1) | *
(g ) e mer o

B 100s*
01(S)={ ‘

S )

0<s<0.1
0.1<s

: 3 5
EQ: ’IQ3{|CE23

+a|2 (5 (IU2I)+0r2(IT2|)))i}w2, wz € R (11)

0.014+58\? [7B8s%\*
(Goms) (#5) + o=son

&2(5): ﬁ2 2
oS L 01<s
2+ 8 -

- 100s* 0<s<0.1 .

0'”(3): 2 01<s y1=1,2.
s , 01<

For S;(|z|) = |z]?/2, i = 1,2, these systems satisfy (1) with
(2). In the case of 8 = oo, the &1-equation and & become

. 8 1 . 1

iy = 5 {-lols + @ (ui)+E (i) ar, @ € B2
5 10442s% , 0<s<0.1

Ga(s)=

y2st 01<s

and therefore fulfill (1). Trajectories of the interconnected
system X given by (10) and (11) with the initial condition
71(0) = [-2,2]T, 22(0) = [3,—1]T are plotted in Fig.2 for
v=0.9.v=1andvy = 1.1ineach case of 8 = 1 and 8 = 0.
The six plots suggest that the equilibrium [zT, 2217 = 0 of
the interconnection ¥ with r1(¢) = 0 and r5(¢) = 0 is GAS ,
i.e., 2 is 0-GAS, if and only if v < 1, which will be confirmed
theoretically by the main results of this paper. Note that the 0-
GAS is necessary for iISS and ISS. A single formula employed
in this paper gives a pair {X;, X5} achieving the instability of
the interconnection whenever v > 1 holds for each 3 € (0, 0],
which again deals with iISS and ISS in a unified manner.
The previously existing results can only treat ISS and iISS
separately with mutually different Lyapunov functions [10],
[11], [14].

The condition (3) with c;, co > 1 always implies
Vs € (0,00) ,

a;loaloaglo oa(s) < s, (12)

while the condition (12) does not guarantee the existence of
c1, co > 1 achieving (3). To illustrate (12) which is milder
than the existence of c¢j, co > 1 attaining (3), now consider
(1) with the following choice of supply rate functions:

pBs* Bs*
s2 44’ 524287

2 2 2 2
ag(s)_<52ﬂj 25) , 02(3)—<732ﬂi ﬁ> . ora(s) = 0. (14)

For each 8 € (0, 0], these functions fulfill (12) if and only
if v < 1. However, the inequality (12) is never achieved in
a uniform manner. Indeed, the gap between the functions at
both sides of (12) approaches zero as s tends to infinity for
all v < 1. The condition (3) can be regarded as a special form
of

o1(s) = or1(8) =0 (13)

ap(s) =

oy o(Id + wi) ooy o ay to (Id + wa)oa(s) < s,
VseRy (15)

when (Id + w;)(s) = ¢;s, @ = 1,2. The generalized condition
(12) allows w;(s)’s to be nonlinear. In contrast, the earlier study
in [10], [11] imposes the uniform contraction on the loop gain,
i,e,. (Id 4+ w;)(s) = ¢;s. The inequality (15) is satisfied for
(13) and (14) with nonlinear w;(s)’s as follows:

(5) ( )78 w; € Py, 1=1,2 (16)

Ti(s) =a1ox;'(s) > s, Vse(0,5)

7—2(3) [X2OO'2 ( )]2>S’ VSE(O,/BQ)

Tl(S):S VS>57 7—2(3):3a VSZﬁz

) = a(s) |0 a= 09
82+m G2=1

According to a result of this paper, a smooth Lyapunov
function verifying 0-GAS can be obtained in the form of (4)
for all 5 € (0,00] if v < 1. The integrands A;(s) and Ao(s)
similar to (5)-(9) are computed by replacing (2) and ¢; with
(13)-(14) and 7;. Even for the supply rates (13)-(14) which
never result in a loop gain of uniform contraction, we can
explicitly obtain a pair {31, X2} whose interconnection is not
0-GAS for each 8 € (0, 0] whenever v > 1.

III. SYSTEM DESCRIPTION

Consider the interconnected system X shown in Fig.1. The
subsystems X7 and X5 are connected with each other through

11 =9 and uy =x. The state vector of ¥ is x=[zT xQT]T €

R™. The signals r;, and 7o are packed into r=[r{,r1]7 € RF.
The following sets of X;’s are considered in this paper.

Definition 1: Given «; € P, 0; € K and o,; € Py for
i = 1,2, let Sy;i(ns, a;,04,04), © = 1,2 denote the pair of
sets containing systems X; in the form of

& = fi(t,zs,us,73), z €RY w; €R™, r;eRF (17)
fi(t,0,0,0) =0, te Ry (18)

fi is locally Lipschitz in (x;, u;, 7;)
and piecewise continuous in ¢ (19)
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Fig. 2. Response of state variables of the system (10) and (11).

for which there exist C! functions V;: Ry x R — R and
Q;, 0 € Koo such that

o (jai) Vit 21) <ai) 0)

WL Wy <At + (Vo)
vou(nl) @D

O+ 22y < —a(Valt,ma)) + o2(Vi(t,)
+or2(|r2]) (22)

hold for all z; € R™, r; € R*¥ and t € Ry,2=1,2.

The integers m;’s are supposed to satisfy m; = mo and
me = ny so that the interconnection of Y»; and X5 makes
sense. The Lipschitzness imposed on f; guarantees the exis-
tence of a unique maximal solution of ¥ for locally essentially
bounded r;(¢). If the exogenous signal r; is absent, the set of
systems is denoted by Sy;(n;, a;,0;).

The inequalities (21) and (22) are often referred to as
“dissipation inequalities”, and their right hand sides are called
supply rates. The individual system >; fulfilling the above
definition is said to be integral input-to-state stable (iISS) [23].
The function V; is called a C! iISS Lyapunov function [2].

Under a stronger assumption «; € K, the system 3; is said
to be input-to-state stable (ISS) [22], and the function V; is a
C! ISS Lyapunov function [24]. By definition, an ISS system
is always iISS. The converse does not hold. The original notion
of iISS and ISS is given in terms of trajectories and, in the
context of time-invariant systems, is equivalent to the existence
of C! iISS and ISS Lyapunov functions, respectively [2], [24].
As we see on the right hand side of (21) and (22), the iISS
and ISS properties we consider in this paper are uniform in
time ¢t. Notions of non-uniform ISS are available in [18] and
references therein. Definitions of ISS for discrete-time systems
are also available in the literature, e.g., [16], [17].

Definition 2: Giveno; € P,o; € K, 0, € Ppand o, & €
Koo for i = 1,2, let S;(n;, s, 04,004, @;, @;) denote the set
of systems >; of the form (17), (18) and (19) which admit the
existence of a C! function V;: R, xR™ — R satisfying (20)
and

Vi
ot

for all z; € R™, u; € R™i, r; cR¥ and t € Ry, i =1,2.

Definition 3: Let S;(n;,a;,0;,0.;) denote the set of %;
for which there exist a;,&; € Ko such that ¥; €
Si(ni,ai,ai,am,fz, ) hOldS

We write S;(n;, a;,0;) and S;(n;, o, 04, ;, @;) when we
consider 7;(t) = 0. Definitions 2 and 3 involve | - | to
measure the magnitude of feedback signals in the dissi-
pation inequalities. As we will see in the sequel, for the
set Syi(ni, a;,0;,0.;) whose dissipation inequalities do not
involve the Euclidean norm of feedback signals, stability
criteria become simpler than those for S;(n;, «;, 0, 0.;) and
Si(ni, o, 04, 04, a;, @;). The set S;(n;, a;, 04, 0y;) in Defini-
tion 3 naturally generalizes the notion of prescribed £P-gain
systems. By comparison, the set S;(n;,;, 0,004, i, @;) in
Definition 2 includes the explicit information ¢;, &; on the
discrepancy between | - | and V;(-), which is essential to the
analysis of 0-GAS of the interconnection.

(23)

s < —ai(|zil) + oi(lwil) + ori(ra])

IV. MAIN RESULTS

The following theorem provides a necessary and sufficient
condition for the uniform 0-GAS of a set of interconnected
iISS systems as shown in Fig. 1. By uniform 0-GAS, we mean
that the trivial solution of the interconnected system X without
external inputs r; and 75 is uniformly GAS.

Theorem 1: Let n; be a positive integer for each i = 1, 2.
Assume that functions o;,0; : Ry — Ry , i = 1,2 are C!

and satisfy
1=1,2 (24)

(25)

a; € 0(>1), 0, € O(>0),
a e, 1=1,2.

Suppose that there exists some integer j € {1,2} such that

a1, i, 01 and oy satisfy
Shm az—j(s) Shm o3—;(s) (26)

and one of the following conditions
(GI) lim ag_j(s) = lim o5 (s)
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-1
0005003 _4(s
J 3—7 3 ]( ) 7& 1 .
a;(s) ,
Then, the interconnected system 3 is uniformly 0-GAS for all
pairs ¥; € Syi(n;, a;,04), i = 1,2 if and only if

a;togjo a:;ljo o3—j(s) <s, Vse(0,00)

J

(G2) lim

s§—00

27

holds for the above j. Furthermore, a Lyapunov function of ¥
characterizing the uniform 0-GAS is given as

Vi(t,@1) Va(t,@2)
Val(t, x) :/ Al(s)ds—f—/ Aa(s)ds  (28)
0 0

for some non-decreasing continuous functions Aj, Ao : Ry —
R, satisfying

A1(s) >0, Xa(s) >0, (29)

It is emphasized that j in (27) is the same as in any of (G1)-
(G2). The properties (25) and (26) are assumed beforehand
only for simplicity of expressions. Their necessity will be
proven in Theorem 4 and Theorem 5 of Section V. It is stressed
that (G1)-(G2) are not simultaneous constraints. Only one of
them is required. Let the inequality (27) be referred to as a
small-gain condition. It is mentioned here that the uniform
0-GAS in Theorem 1 is derived from

Elaclep s.t. ‘/(’l(tv'r) < _Ofcl(‘xDa

s € (0,00) .

Vo e R" (30)

satisfied along the trajectories of the interconnected system X
with r;(t) =0,4=1,2.

One can obtain iISS of a set of interconnected systems if
amplification factors w;, ¢ = 1,2, are introduced to the small-
gain condition. A stronger property, ISS, is a special case.

Theorem 2: Assume that functions oy, 05,0, Q;, Q;
Ry — Ry , @ = 1,2 satisfy (25). Suppose that there exists
some integer j € {1,2} such that one of the following
conditions

(HI) lim ai(s) =00 A

Sf}OO
(H2) lim az_j(s) =00 A
S— 00

(H3) lim o1(s) <oo A
. . S . . .
is satisfied. Then, the interconnected system X is ilSS
with respect to input r and state xz for all pairs
Si(ni, o, 04, 014, ;, &;) With any positive integer n;, i = 1,2
if there exist w; € K, ¢ = 1,2 such that

lim as(s) = o0
S‘)T?
Jim o3—j(s) < 00

lim o9(s) < 00
§—00

g;lo @;o a;lo (Id+wj) o oj
ogg_ljo Q3_; 0 ag_ljo (Id + w3—j) co3_;(s) < s,
VseR, (3

holds for the above j. Furthermore, an iISS Lyapunov function
of ¥ is given as in (28) for some non-decreasing continuous
functions A1, Ao : Ry — Ry satisfying (29). In the case of
(HI), the function V; is also an ISS Lyapunov function.
Note that the inverses of «; and a3_; in (27) and (31) are
not necessarily well defined over R, . Instead, the fulfillment
of (27) and (31) only requires the whole composite function
on the left hand side of the inequality to be finite for finite
s. Thus, lim,_,o0 cvj(s) >lims_,o 0;(s) is not necessary. The
statement about a Lyapunov function in Theorem 2 claims that

dag €P, 04 €Py  s.t.
Va(t,z) < —aq(|z]) + oalr]), Yo € R",r € R* (32)

is satisfied along the trajectories of 2. Since the above theorem
only addresses the sufficiency of a small-gain condition for
the stability, neither (24) nor the smoothness of «; and o; is
required. It is stressed that 7 in (31) is the same as in (H2). It
can be verified that

(GI1) VvV (G2) <= (HI) V (H2) V (H3) <= (HI)

holds under the assumption that there exist wi,ws € K
satisfying (31).

Theorem 3: Let n; be a positive integer for each i = 1, 2.
Assume that functions «;, 04,0, : Ry — Ry , 4= 1,2 are
C! and satisfy (24), (25), (H1) and

0ri €Ky, i=1,2. (33)

Then, the interconnected system X is ISS with respect to input
r and state x for all pairs Sy;(n;, o, 04,0p), i = 1,2 if and
only if there exist w; € K, ¢ = 1,2 such that

oy to (Id +w) ooy oay o (Id 4 ws) o oa(s) < s,
VseR,  (34)

holds. Furthermore, an ISS Lyapunov function of ¥ is given as
in (28) for some non-decreasing continuous functions Aj, Az :
R+ — Ry satisfying (29).

Theorem 3 indicates that there exists a € Koo achieving
(32). In contrast to Theorem 2 stated with o,; € Py, Theorem
3 considers (33) which is narrower than Py. The assumption
(33) is only for obtaining the “only if” part of Theorem 3. If
the exogenous signals affect systems through sufficiently small
ori € Koo, the condition (34) is not always required, while
(27) is necessary. For sufficiently small o1 and 0,5, none of
(HI), (H2) and (H3) is necessary (See Section VI-A).

It is stressed that (31) with j = 1 is not equivalent to (31)
with 7 = 2 in general. The same remark applies to (27). The
7 =1 case in (31) implies the j = 2 case if

lim aq(s) =00 V lim «a;(s) > lim oq(s) . (35)
§—00 5— 00 L dee]

Thus, the condition (31) is symmetric in terms of 7 = 1 and
7 = 2 when ¥; and X, are individually ISS with respect to
the interacting inputs. When iISS subsystems are involved, we
need to select j € {1,2} or interchange ¥; and X3 so that
(31) or (27) can be fulfilled. Theorem 4 in Section V explains
why the condition should be asymmetric.

Combining the results in Sections V and VI proves the
theorems in this section.

Remark 1: In the case of (HI), the inequalities (31) and
(34) are in accordance with the nonlinear small-gain condition
proposed by [15] when the gains of individual subsystems
are computed from differential dissipation inequalities, i.e., o;
and o0;. The nonlinear small-gain condition was originally a
sufficient condition for stability of interconnected ISS systems.
This paper unifies the treatment of iISS and ISS systems. Note
again that (24) and the smoothness of «; and o; are needed
only for the necessity part. The slight difference between (31)
and (34) arises from the difference of S; and Sy; as mentioned
at the end of Section III.

Remark 2: In contrast to an earlier result of the first author
[11], theorems in this paper do not require the small-gain
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conditions to be uniform contraction over R . In other words,
linearity is not imposed on the amplification factors w;(s),
i = 1,2, in the small-gain conditions of (31) and (34). This
comment also applies to (27) in view of the existence of w;.
This paper demonstrates that the uniformity assumption on
the small-gain conditions, i.e., restricting w;(s) to (¢; — 1)s
for a constant ¢; > 1, in [11] can be removed in the explicit
construction of smooth Lyapunov functions.

Remark 3: The small-gain condition (31) is simpler and
less restrictive than the small-gain condition proposed in [11].
Indeed, the small-gain-like condition in [11] for iISS systems
is given as the existence of £ > 0 and c;, ca > 1 satisfying

[ejoj 0 a5 0 Ga—j 0 a5 0 cs—joz—;(w)]*

max
we[0,s] Ugfj(w)
~—1 k
a; o, oS
< [0 005 ©a;(s)] , VseR. (36)
o3-;(s)

under the assumption of
lim ag_;(s) = o0V
lim a5

{SILIEO as_j(s) > Slirgo os—;i(s) A Slgrolo 0j(s) < 00}.(37)

In contrast, this paper proves that the single small-gain con-
dition (31) applies to ISS systems and iISS systems equally.
The existence of £ > 0 and c;, ¢z > 1 fulfilling (36) implies
(31) with s+ w;(s) = ¢;s. On the other hand, the existence of
k > 0 and ¢y, co > 1 fulfilling (36) is not guaranteed even if
(31) is satisfied with linear w;’s. For example, the following
functions:

a, = Qg Z:172

3s
al(s):ma oi1(s) =s

0 ,s=0
as(s) = s% ,0<s<1

s , 1<s

0 ,s=0

s+1

UQ(S): 1 =

N
2<s+1> » 820

satisfy the condition (31) as

3 3
5010 azto 502(5) < ai(s), Vse R, .
It can be, however, verified that
iy L1010 oy ' ca09(s)]F
i
50+ o2(8)
= lim CIfCQS(kié) =o00, Vk >0
s—0t

holds. Since the left hand side of (36) is not finite for all k&,
there are no ¢y, co > 1 satisfying (36). Hence, the previous
result (36) is more restrictive than (31) even when (31) is
used with linear w’s. Moreover, under (36), the situation (37)
is covered completely by (H1) V (H2) V (H3).

Remark 4: All the theorems given above use a single pair
of continuous functions {1 (s), A\2(s)} to generate Lyapunov
functions V,;, which will be shown explicitly in Section VI.

Hence, a common form of Lyapunov functions can be used
for both iISS and ISS systems. This unification of Lyapunov
functions for iISS and ISS systems is a novelty of this paper.
The previous study [11] employs a Lyapunov function for iISS
systems which is different from that for ISS systems.

Remark 5: The constraint (GI) V (G2) is not a technical
assumption. Consider

2
()= 1. ) =5, aal)=ar (1) )
237P(p — 2)s3
as(s) = +227P(3-p)s® L s€[0,1/2)  (39)
sP ,s€[1/2,00) .

These class K functions are C!, and satisfy o; € O(> 1) and
0; € O(>0) for 0 < p < 3. Define

L-Cl = —al(xl) + O'1(£C2) (40)
9'3‘2 = 70[2(%2) —+ 0'2(1’1) (41)
Vi=mz, Ve=u (42)

for the non-negative initial conditions (z1(0),z2(0)) € R%.
Due to «a;,0; € K, the set Ri is positively invariant.
Therefore, Vi = z; and Vo, = x5 are positive definite and
C! on R2 where z(t) evolves, and satisfy (21) and (22).
The interconnected system (40)-(41) belongs to the class of
positive systems which are popular in biological and chemical
processes. This system (40)-(41) has unbounded trajectories
in the case of 0 < p < 1 [1]. However, «;, 0;, i = 1,2, in
(38) and (39) satisfy (27) with 7 = 1. Indeed, the functions
are one of the cases where —(G1) A —(G2) is fulfilled. Thus,
the assumption cannot be eliminated from Theorem 1.

Remark 6: In Theorems 1 and 3, the pair S;(n;, i, 04, 1),
i = 1,2 can replace Sy;(n;, i, 04,0), 1 = 1,2 if a; = @
holds for i =1, 2.

Remark 7: The “only if” part of Theorem 1 does not need
the assumption (GI/) V (G2). In other words, there always
exists a pair of 3;, ¢ = 1,2 such that their interconnection is
not 0-GAS when (27) is violated.

V. NECESSITY

The issue of the necessity of stability criteria is important
from the perspective of estimating stability margins for uncer-
tain systems as well as the tightness of the stability criteria.

A. Destabilizing Perturbation

The following is a new technique to construct destabilizing
perturbations, which is the key to the proof of the necessity
in Theorems 1 and 3.

Lemma 1: Suppose that C! functions a € P, o € K, real
numbers 4 > 0, € > 0 and integers n > 0, m > 0 are
given. Assume that o and o belong to O(> 1) and O(> 0),
respectively. Then, there exist a locally Lipschitz function f:
R®” x R™ — R, a C! function V: R* — R, class Ko
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functions «, & and a real number € € [0, € such that

f(0,0)=0 (43)

a(lz]) = V(z) = a(|z]) (44)

?9% (z,u) < —a(lz|) + o(|u|), Ve € R", u € R™ (45)
o 0

ol < (“D} = O fu) > daa]) - 46

The proof of this lemma given in Appendix A is constructive.
The functions f;, i = 1,2, in Section II are constructed by
using this technique, so that the interconnected system X
composed of X7 and X5 in (10) and (11) becomes unstable in
the case of v > 1.

Remark 8: When (1/N) + (1/J) < 1, @« € O(N) and
o € O(J) are satisfied, the claim in Lemma 1 still holds for
€=0.

Remark 9: The function f(z,u) constructed in the proof of
Lemma 1 satisfies

fi(x’u’)lzizo = O’

where f = [f1, f2, ..., fu]T. This implies that each i-th scalar
component of the solution vector x(¢) € R™ of the differential
equation & = f(x,u) never changes signs, namely, for each
i=1,2,....n,

i=1,2,...,n,

2:(0)>0 = x;(t) >0, Vte R,

holds. For such a positive system defined for initial conditions
in the non-negative orthant, the C! function V(z) needs to
be defined on only R . Since V(z) = |x| becomes eligible,
Lemma 1 allows o € O(1) when one’s attention is restricted to
positive systems. Finally, it can be verified that all the results
in this paper hold even for the interconnection of subsystems
evolving on R}’

Remark 10: For linear uncertain systems, the techniques
for proving the necessity of small-gain conditions are widely
known, and consist of constructing a destabilizing pertur-
bation(or a particular uncertain system) whenever a linear
small-gain condition is violated. Unfortunately, the popular
linear approach does not allow us to select the order of the
destabilizing system [6], [28], and it requires the notion of
output. The minimal order is in general the sum of dimension
of input and output vectors, and the order is larger than the
output dimension of the destabilizing perturbation. On the
other hand, the technique proposed in Lemma 1 not only
enables us to deal with nonlinear gains, but also allows us
to choose the order of the destabilizing system arbitrarily. For
instance, a destabilizing perturbation can be given by a system
of dimension one making use of nonlinearities. Furthermore,
providing a Lyapunov characterization of the destabilizing
system is a notable feature of the proposed technique.

B. Necessary Conditions

Using Lemma 1, we can derive necessary conditions for
the stability of the interconnected system > shown in Fig.1.
The following addresses the existence of an integer j € {1,2}
satisfying (26) which is required in all developments in this

paper.

Theorem 4: Let n; be a positive integer for each ¢ = 1, 2.
Assume that functions o, 0;,0, : Ry — Ry are C!, and
satisfy

a; €0(>1), 04,0, €0(>0), i=1,2. (47)
Then, for the pair
Si = {3 € Si(ni, 0,04, 045) :
filtyziyuiyri) = fi(0, 24, u, 1), VEER L},
i=1,2  (48)
and the pair
Si ={%i € Svi(ni, a4,04,00) :
filt,xi, uiyri) = fi(0, 25, ui,7;), VEER L},
i=1,2  (49)

the following facts hold.

(i) The interconnected system X is 0-GAS for all 3; € 5;,
i =1,2, only if

llsn_1>})r01f a;(s) > sli>nolo oi(s)

(50)

holds for at least one of ¢ = 1, 2.
(ii) The interconnected system X is ISS with respect to input
r and state x for all X; € S;, i = 1,2, only if

liminf a;(s) > lim o;(s) + sup o,4(s)
§— 00 §—00 SGR+

(S

holds for at least one of ¢ = 1, 2.

The necessary condition (51) and (33) justify either of
the two requirements in (HI) of Theorem 3. The use of
the sets (48) and (49) illustrates that the necessity holds
for sets of time-invariant systems which are narrower than
S; (ni, oG, 0, 0'”‘) and Sw(ni, o, 0,y 0‘”‘), respectively. Note
that (50) is also necessary for iISS of X since ilSS implies 0-
GAS. The property (51) indicates that 3J; is ISS with respect
to input (u;,r;) and state z; if o.; € K. The property (50)
implies that ¥; is ISS with respect to input u,; and state x;. It
is worth noting that lim sup,_, ., 0(s) < oo is not necessary
for the iISS property of the interconnected system 3 even if
liminf,_, o @;(s) < oo. This fact can be understood naturally.
In fact, a system is iISS if and only if it is 0-GAS and zero-
output smoothly dissipative [2].

On the basis of this result, we can establish the necessity
of the small-gain condition.

Theorem 5: Let n; be a positive integer for each ¢ = 1, 2.
Assume that functions «;,0;,0.; : Ry — R are C!, and
satisfy (47). Suppose

liminf ag(s) =00 V
§— 00

liminf aa(s) > lim os(s) if2¢ D
§—00 S5— 00

liminf aa(s) > lim o9(s) if2e€D
5— 00

S§—00

(52)

holds, where D := {i € {1,2} : 0,; € Koo }. Then, the follow-
ing facts hold for the pairs S7, .52 defined in (48) and (49).
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(i) The interconnected system X is 0-GAS for all 3; € 5;,
i = 1,2 only if there exist &; € IC, i = 1, 2, such that
ayltooiodaytooy(s) <s Vs e (0,00) (53)
ai(s) < ay(s), VseR, . (54)
(ii) The interconnected system X is ISS with respect to input
r and state x for all 3; € S;, i = 1,2 only if there exist
J €Kx ifieD
Yil' =0  ifi¢gD
and &; € K for i = 1,2 such that

(55)

&flo (Id4+wy)ooy 0 &510 (Id + wo) 0 02(s) < s,
VseR,  (56)

and (54) are satisfied.
Note that we can take &; = « if v is of class K. Theorem 5
suggests that we can assume «; € K, i = 1,2, without loss of
generality in the stability analysis. The next lemma indicates
that the assumption of a; € O(> 1) and 0; € O(> 0) is
reasonable.
Lemma 2: For n; > 0, the following holds.
(i) If OV;/0x; and OV;/Ot are Holder continuous of some
order ¢ > 0 and b > 1, respectively, in z; at x; = 0,
then S;(n;, a;, 0;) # (0 implies o; € O(> 1).

(ii) For each ¥; € S§;(n;,a;,0;), there exists 6; € K
such that &; € O(> 0) and X; € Si(ni,ai,&i) -
Si (n,-, (67 Ui) holds.

C. Discussions

The ISS property of a subsystem 3; with respect to its
feedback input u,; and its state x; is not necessary for 0-GAS
if the specific differential equations describing ¥; and 3o are
given instead of merely dissipation inequalities.

Fact 1: There exists a pair of iISS subsystems >; and X,
fulfilling the following simultaneously.

(i) Each X;, i = 1,2, is not ISS.
(ii) The interconnected system X is uniformly 0-GAS.

This fact can be confirmed by

(57)
(58)

¥ ¢ & = —sat(zy) + a2

Yo i &9 = —sat(xa) — 1 .

The 0-GAS of this interconnection follows from V,; = 23 +x3.
Although V; = log(1 + x?) proves that each %; is iISS
with respect to state z; and input x3_;, the two subsystems
are not ISS. The stability property (ii) of ¥ in Fact 1 can
be even strengthened to ISS by adding +x171 /(1 + %) and
+xore /(1 + 23) to (57) and (58), respectively. In contrast,
Theorem 4 has demonstrated that the ISS property is necessary
in the situation where the information of only dissipation
inequalities is available.

Angeli and Astolfi [1] have pointed out that asymptotic
stability of a feedback system is not always detected by means
of gain conditions alone. Indeed, the small-gain constraint (53)
is not necessary if both subsystems are specified directly by
differential equations of state variables. Theorem 5 claims
the necessity only when the two systems are allowed to

be uncertain as long as each subsystem satisfies a given
dissipation inequality. In fact, the aforementioned example
illustrating Fact 1 violates (53) clearly since two subsystems
are only iISS.

An interesting question is whether the small-gain condition
is necessary when one of the two subsystems is given and
fixed by a differential equation. Unfortunately, for nonlinear
systems, the answer is in general negative. The necessity
property of the small-gain condition is very delicate due to
the diversity of system nonlinearities and supply rates or gain
functions to be chosen. The situation is illustrated by the
following fact.

Fact 2: There exist a subsystem X, functions a; € P
and ag,01,00 € K such that the following is fulfilled
simultaneously.

(i) Xo € Sa(na, g, 02) holds.

(ii) Yo & Sa(ne, ag, 1og) holds for all p < 1.

(iii) The interconnected system 3 is is uniformly 0-GAS for
all 3y € S1(n1,a1,01) for all integer nq > 0.
(iv) There exists s € (0, 00) for which it holds that

o1oaytoaa(s) > ai(s) . (59)

This fact suggests that the small-gain condition is not necessar-
ily satisfied when one does not want stability for “all” elements
in prescribed sets of systems. One example explaining this fact
is

52 52
ap(s) = oL o1(s) = 5 (60)
ao(s) = 52, oo(s) =52 . (61)
Consider a particular model of Y5 given by
. T
DIV =— — 62
2 To To + JZ% 1 ( )

which satisfies 3o € Sa(1,9,02) for Vo(xe) = 3. For
the system X7, we only pay attention to the set Xy €
S1(n1, a1, 01) instead of a particular element. Define V (z) =
Vi(x1) + c¢Va(z2). Then,

x? 1\ o
e~ (1)
is obtained. This inequality with ¢ = 3/4 proves the uni-
form 0-GAS of the interconnected system Y. The small-gain
condition (53) is, however, violated for (60) and (61) since
o10a; ooy(s) = s2/2 implies 01 0 ay ' o ga(s) > ay(s) for
s € [1,00). The stability is established without the small-gain
condition since X5 is fixed at a particular element in the set.
The system (62) is on the boundary of the set Sa(1, g, 03),
where the boundary is defined by the product of (i) and
(ii). The property (ii) can be verified for (62) via Jacobian
linearization. However, the time-derivative of V5 is bounded
conservatively from above in shape by o2(s) toward s — oo.
In fact, the system (62) is on the boundary only in the sense
of the maximum magnitude. We can strengthen (iii) of Fact 2
to iISS by adding +xor2 /(23 + 1) to (62).
The situation becomes different for supply rates fitting
systems tightly such as linear systems with quadratic supply

V<-(1
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rates. Consider a linearized version of the above example, let
(62) be replaced with

22 : ./,-CQ = —X2 + I (63)

which satisfies (i) and (ii) of Fact 2 with respect to (61) and
ng = 1. Define a set S1(1, a1, 01) with

ai(s) = 52, o1(s) = ys° (64)

for 31 The interconnection of Y7 and X5 is not 0-GAS if
3y is 1 = —x1 + xo which satisfies 31 € S1(1, a1, 07) for
v = 1. Thus, the interconnected system defined with (63) is
uniformly 0-GAS for all ¥, € S;1(n1, a1, 01) with an arbitrary
integer n; > 0 if and only if v < 1. On the other hand, the
condition (59) is identical to v > 1 for (64) and (61). In this
way, the properties (iii) and (iv) cannot be achieved since the
linear system Yo in (63) is covered tightly by Sa(1, aa,09)
with the quadratic supply rate (61) which represents a linear
gain.

These two examples suggest that the small-gain condition
is not necessary for the stability of nonlinear interconnected
systems if the supply rate fits the subsystem X5 only in the
maximum magnitude. A supply rate bounds an element X5 in
a very conservative way if the nonlinearity of X5 is far from
the shape of {asg,09}. It is natural that, in order to obtain
the necessity of the small-gain condition, we need to estimate
Yo with {ag,09} tightly in terms of the shape. The following
explains this idea.

Proposition 1: Suppose that oy € P and as, 01,02 € K are
given, and that limg_, o aa(s) > limg_,o 02(8), ag € O(> 1)
and o9 € O(> 0) hold. Assume that 3 is a system satisfying

(i) 3o € SQ(TLQ,CVQ,O’Q) holds.
(ii) There exist a C! function Vo: R* — R , class Koo
functions a,, &2 and a positive number /; such that

ay(|z2|) = Va(za) = as(|z2l) (65)
|z1| > 11 OVa

‘$2| _ (12_1 o 0,2(l1) = %f?(tvl'%xl) 2 0 (66)
010062_1002(11) > ai(ly) (67)

Then, for each integer n; > 0, there exists a system X; €
&1 (n1, a1,01) for which the interconnected system X is not
0-GAS.

This proposition follows directly from the proof of Theorem
5. The requirement (66) implies that the pair {ag, oo} fit
tightly >5 in shape as well as the maximum magnitude.

VI. SUFFICIENCY

In this section, the sufficiency of the stability criteria pre-
sented in Section IV is derived. This section gives a pair of
{A1, A2} with which the composite Lyapunov function V,; in
(28) fulfills (30) and (32).

A. A common form of Lyapunov function

Consider the set of the quadruplets (g, o, 01, 02) satisfy-
ing

Oél,Oég,Ul,UQGIC, (68)
lim as(s) > lim oa(s) . (69)
S5— 00 S§— 00

Define the following seven situations for (o, s, 01, 02):

o1 ogglo&goaz_loaz(s)

(MI) lim

§—00

— <1
a0y oay(s)

N aals) = i ox()

o1 Og2_100_[20042_100'2(8)

(M2) lim - <1
5—00 ay 0 @y oay(s)
A lim as(s) > lim oa(s)
1 1 S5— 00 55— 00
(M3) lim 1092 202003 00a(s) _
5% ar 0a; Toa (5
A lim as(s) > lim oa(s)
5— 00 §— 00
(JI) lim as(s) =00 A lim ai(s) =0
8—00 5—00
(J2) lim as(s) =00 A lim o3(s) <
§—00 $00
(J3) lim o1(s) <oco A lim oa(s) < 00
§— 00

3k e {1,2) sit.
{Sll)rgo ag(s) <oo A Slg{)lo o3_k(s) = oo}

(J4)

The pair of {A1, A2} for the Lyapunov function V,; can be
constructed from the functions in the small-gain conditions
(27), (31) and (34). The following lemma can be verified
straightforwardly, which provides the functions to be used in
{A1, A2} directly.

Lemma 3: Assume that

-1_ = -1 -1_ = -1
Q] oajoaj 0010@, 0dzoa, oo(s) <s,
Vs € (0,00) (70)
holds for a pair «,;, @; € Ko and a quadruplet (o, ag, 01, 02)
satisfying (68), (69) and (M1) V (M2). Then, there exist
a1,01 € K, &1, we € Py and 71,75 € K4 such that

(Id +@1) 0610 a5 o ag 0 ay o (Id + W) o oa(s)

<daoa;toa(s), VseR,(71)
o1(s) < 61(s), a1(s) < ai(s), Vs € Ry (72)
g, 01le) 2 iy o) =
lim as(s) =00 = &1 =y (74)
lim as(s) < oo = 61 =01 (75)
§—00
g, eals) > I, oale) =
Slin;o as(s) > Slin;o(Id + @) 0 oa(s)
lim 61(s) > lim @(s) (76)
§—00 §—00
wl,of)z S ’C
Sle as(s) = Slim oa(s) =
lim as(s) > lim (Id 4+ @2) 0 o2(s)
Ede el L de el
lim (Id + @1) 0 61(s) = lim &4 (s) a7
S o0 §— 00
1 061(8) >0, W2 009(s) >0, Vs € (0,00)
=Id+4+w;, 1=12. (78)

Furthermore, the claim can be fulfilled by w;, &2 € Ko if
there exist wy,ws € Ko such that

ajtoartoa; o (Id 4 wi)ooy
ooy tods oy o (Id +ws)ooy(s) < s,

VseR,  (79)
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is satisfied under the assumption of

lim as(s) =00 V (80)

lim as(s) > lim oa(s) .

S§—00 S$—00 S$—00
Using the functions given in Lemma 3 and L :=
limg_, o, 61(s), we define continuous functions A1, Ay : Ry —

R, as

A1(s) == [52 0 Wo 0%2_10 Qo od;logz o[fl_lo 7'1_10 a1
o@fl(s)] [VOTflo Gy o0 dfl(s)]
[wor odroar (s)] (81)
Ma(s) = 61005 (s) [vodioay'(s)]
[Yodioay!(s)], (82)
where ¢; and 7 are any class Ko, functions satisfying
Id-6; e Koo, i=1,2 (83)
T = Id + k(:]l (84)

for some k£ € (0,1), and v, ¢ :
continuous functions which satisfy

(0,L) — R4 are any

0<v(s)<oo, 0<t(s) <oo, Vse(0,L) (85)
and fulfill
(82 0@z 075 Toas 0 @y o ay(s)]
(v od1(s)] [t od1(s)] : non-decreasing  (86)
G1(s) [vod1(s)] [t o &1(s)] : non-decreasing  (87)

[62 0 s oty toagoaztoayodytory tod 0@1_1(3)]

. [V o7—flo & o o‘zfl(s)] : non-decreasing (88)
[¢ 061 cay'oazoaylo 0 03(s)]
[610a5 0as0ay 0t 009(s)] oa(s)
< [1/) ot tody o o_él_logl(s)] [02 0 &g 0 0a(s)]
- [610 kén o tody odflogl(s)} (89)

for all s € R;. Note that 71 € Ko, holds since s + kw1 (s) =
E(s+d1(s))+(1—k)sand 74 € Koo

The following demonstrates that the pair of {A;, A2} in
(81) and (82) yields a Lyapunov function V; establishing the
0-GAS, iISS and ISS of the interconnected system X under
appropriate small-gain conditions.

Theorem 6: Consider o0,1,0,2 € Py, a quadruplet
(a1, 9,01, 09) satisfying (68) and (69), and V; : (t,2;) €
Ry x R" — Ry, 7 = 1,2, satisfying (20) for some ¢;,
@; € K. Then, we have the following.

(i) Suppose that o,1(s) =0, oy2(s) = 0 and (M1) V (M2)
hold. If (70) is satisfied, the functions (81) and (82)
satisfy

2

Do NiVilt,za) {—aillzal) +oiljul) +orilril)}

i=1

[vj.o

—0l, 7, ‘xz + O¢l, 1(|r1|)
i=1

Ve €ER™ 2o € R™2 1 e R™Y 1o e R™2 t€ R, (90)

for some a1, Qe 2 €P and 04.1(S) = 0cr2(s) = 0.

(ii) Suppose that (J1) V (J2) V (J3) and

L <oco= limr(s) < oo, limy(s) < oo 1)
s—L s—L
hold. If there exist w; € Ko, @ = 1,2 such that

(79) is satisfied, the functions (81) and (82) with @,
Wy € Ko satisty (90) for some a1, ter,2 € K and some
Ocl,1,0cl,2 € Po fulfilling

92)
93)

There always exist functions v and v fulfilling (85), (86),
(87), (88), (89) and (91). The existence and the construction
are addressed in Subsection VI-B. The task of finding a pair
{A1, A2} which solves (90) is referred to as a state-dependent
scaling problem in [11]. In Theorem 6 (ii), the property (90)
resulting in (32) yields the iISS of the interconnected system
>.. Theorem 6 (i) demonstrates that the amplification factors
w1,ws in the small-gain condition (79) can be replaced by a
strict inequality sign as far as 0-GAS is concerned. Note that
the existence of w1, wy € Ko achieving (79) implies not only
(70), but also (M1) V (M2).

Remark 11: When w; and wq are restricted to linear func-
tions, the functions in (81) and (82) reduce to the ones given
in [11] derived for the ISS case a;(00) = an(0c0) = 0o (See
also Remark 13). The previous iISS result in [11] not only
is limited to linear w;’s, but also is based on a pair of \;
and Ao different from the ISS case. There has been a gap
between the two Lyapunov functions which deal with iISS
and ISS separately. The iISS Lyapunov function given in [11]
for linear w;’s can be obtained from (81)-(82) with

v(s) =

Q1,0 € ICoo = el 1, Ocl,2 € ICoo
ori(8) =0 = o0q4(s)=0 .

5\2 0@y 0 5’;1(8)
sy(s) ’

where 5\2 denotes the function A\, derived in [11], and §;’s are
restricted to linear functions. The pair (81)-(82) unifies the
treatment of iISS and ISS systems, and includes all solutions
given in the previous study [11] and covers non-linear w;’s.
Moreover, Theorem 6 (i) shows that the Lyapunov function
(28) with (81) and (82) can also establish 0-GAS with w;’s
which are not necessarily positive definite. See Remark 3 for
the benefit of (81) and (82) in terms of the less restrictive
small-gain condition.

In order to understand the idea of the assumption (M) V
(M2) for 0-GAS and the assumption (JI)V (J2)V (J3) for
iISS, the following lemma is useful.

Lemma 4: Given ¢;, &; € K, @ = 1,2, the following
propositions hold true for each quadruplet (a,as,01,02)
satisfying (68), (69):

{(MI)V (M2)} & —~(M3)
{(TD)VI2)VI3)} & —J4) .

The case of (J4) allows co = limsup, . o.k(s) >
limg_, o0 % (). Notice that oo = limsup,_, . 0,%(s) implies
the unbounded influence of 7, on Xj. In this situation, (J4)
implies that the underdamped state xj of X affects Xs_j
through the unbounded function os_j. If the influence of
ri is small enough, we can still obtain iISS of X in the
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case of (J4). In fact, there exists ¢ > 0 for which we can
obtain o1, 2 €K and o1, 00,2 €Po if (79) holds with
wi,wy € Koo and limg_, o 0,4(s) <e.

Remark 12: The situation (M3) is referred to as the no
gap case in [1] which considers the interconnected system
> without any external signals r;, ¢ = 1,2. All situations
considered in Theorem 1 of [1] with their small-gain condition
are covered by Theorem 6 (i). Thus, this paper gives a new
interpretation of the 0-GAS result of [1] in terms of the
construction of Lyapunov functions. Due to (86) and (82), the
function V,; constructed with A\; and )5 in the case of

o1 oggloagoagloag(s)

lim =1
S§— 00

o1 oy o ay(s) oY
increases toward infinity as xo approaches the boundary where
Va(z2) = Xo holds for Xo := lims 00 ay 0 67 0 d(s).
Indeed, lim, ~x, A2(s) = oo holds since (94) implies wy(s) =
0 for s € [02(00), 00). Thus, the function V,; is not qualified as
a Lyapunov function of 0-GAS of the interconnected system
if X, is finite. The assumption as(o0) = o9(o0) in (M)
guarantees X, = oco. The information about gain is not enough
to discriminate between stable and unstable behavior in the no
gap case as discussed in [1]. Indeed, the system given by (38)-
(42) on Ri satisfies (M3). Although the small-gain condition
(70) is fulfilled, there exist unbounded trajectories for 0 <
p < 1. This fact justifies the assumption of (M1)V (M2) in
Theorem 6 (i), and this paper gives a Lyapunov interpretation
to the no gap case.

B. Construction of v

Once a function v satisfying (85), (89) and (91), is given,
we can always select a function v required in Theorem 6
straightforwardly. Such a desired function v is constructed
as follows: First, define

1 d(t)
B bt (B(t) 1) , t€(0,9)
Qt) 1 d(s) 95)
m ( hrsn:gp 6(8) —1) , t€[S,R)
b(s) =bon~(s), d(s) =don " (s) (96)
m(s) =71 oaon!(s) 97)
S = lim n(s), R= lim 7, 'oa(s)

for a real number k € (0, 1), where
a(s) = aroart oa,(s)
b(s) = [01 0 ki 0 T todmoa;toq, (s)] [620w2002(s)]
d(s) = [61 ogglo Qig 0 a;l 070 0’2(8)] oa(s)
n(s) = o1 oggl 06420042_10722002(5) .
We can always pick a non-decreasing function Q : (0, R) — R
satisfying

Q(s) > max{Q(s),0},

In the case of limsup,_,, Q(s) = oo, let Q be of the form
~ 1

Y emar

Vs € (0,R) . (93)

s€(0,R), 99)

and we can pick a function £ : (0, R) — R satisfying

s 1
£(s)<1,0< ; §(r)dr < max{Q(s),0}
Vs € (0, R) . (100)

Then, for arbitrary C' > 0 and T € (0, R), define ¢ by
b(s) = CedT QWA ¢ ¢ (0 )
U(s) =¢(R),  s€[R,00).

Note that (71) implies S < R. It can be verified that the above
function 1) satisfies

(101)
(102)

0<¥(s) <oo, Vse(0,00)

[on(s)]d(s) < [vori oa(s)]b(s), Vs € (0,00) .
The inequality (104) corresponds to (89). The property (103)
ensures (85) and (91) in terms of .

It is stressed that, when supply rates for ¥;, ¢ = 1,2 are
given by

—a;(Vi(t, i) +0i(Va—i(t, x3-:)) +ori(|7i])

(103)
(104)

instead of —a;(|z;])+0;(Jui|)+ori(|r:]), all developments in
this Section VI remain valid by replacing o, and &; with the
identity map, and replacing |z;| with V;.

Remark 13: If Q(s) < 0 holds for all s € (0, R), the choice
Q(s) = 0 fulfills (98), which yields (s) = C > 0. If there
exists K € (—o0,0) U [1,00) such that

sup tQ(t) <K
te(0,R)

holds, the choice Q(s) = K/s yields 1(s) = Cs. In the case
of uniform contraction where wy and wo are linear, there exist
a sufficiently large K < oo such that (105) holds. When we
take ¥ (s) = Cs¥, the functions \; and A, reduce to the ones
used in earlier results [11] dealing with uniformly contractive
loop gain for ISS systems.

(105)

VII. CONCLUSIONS

This paper has proved that the nonlinear small-gain-type
condition is a necessary and sufficient stability criterion for
the stability of a family of interconnected systems consisting
of iISS subsystems. Both the necessity and the sufficiency
have been investigated from a Lyapunov perspective. A C!
Lyapunov function can be explicitly constructed whenever the
small-gain condition is satisfied. This paper has derived a
common formula of Lyapunov functions applicable equally
to iISS and ISS systems.

We have allowed the subsystems to be unspecified so that
the exact information of their ODE models are not assumed.
Instead, the subsystems are supposed to belong to sets de-
fined by dissipation inequalities of the iISS type, which is
conformable to the idea of modeling uncertainty. This paper
has proved that the interconnection of two unspecified iISS
subsystems is guaranteed to be stable only if at least one
of the two subsystems is ISS with respect to the feedback
input. Another important result is that the nonlinear small-
gain condition is necessary for the stability of the family
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of interconnected uncertain systems described by the supply
rates. Nevertheless, it is worth noting that, when ODEs of the
two merely iISS subsystems are known, an interconnection
of them may remain stable. In the theory of linear robust
control, the necessity of £, small-gain conditions still holds
for the interconnection of a completely known subsystem and
an uncertain subsystem. This paper claims that the necessity
for such a partially known system is fragile in the nonlinear
case.

Finally, we notice that this paper does not address the
necessity of the class o, property of w;’s for achieving the
iISS property of the whole interconnected system. Identifying
some necessary conditions which are more restrictive than
those in the uniform 0-GAS case but less restrictive than those
in the ISS case remains to be an interesting subject of future
study.

APPENDIX A
PROOF OF LEMMA 1

By assumption, there exist N > 1 and J > 0 such that
a€P and 0 € are written in the form of

a(jzl) = a2V, o(lul) = &(|ul)lul”’

with some functions &(s) and 6(s) which are continuous on
[0, 00). The class C! property of o and o also implies that &
and 6 are C! in (0, 00). Pick a real number @) > 1 so that

Ll
N JQ

is satisfied. Let ¢ € (0, €]. In the case of (1/N)+ (1/J) < 1,
let =1 and € = 0. Define 0 € K, as

Q
6(s) = { (/o) . forsc Do)

, forse[o(e),0) .

The class K function & given by &(s) = 6 o o(s) satisfies

g(s)=0(s)=0 , s=0
a(s) <o(s) , Vse(0,e (106)
G(s) =o(s) , Vs€le,00).
Define p > 1 by
1 1
Sl — 107
» 70 (107)
Let ¢ = J@ so that (1/p) + (1/¢) = 1 holds. Define
V(@) = a(lz]) = a(lz]) = |2|N" (108)
fla,u) = fa(@) + fp(z,u) (109)

fa= g olaDlalNw, =214 0) + 1 (110)
fz = 2 (a(1+ 0)a([z) (g5 (ju)) /%2 . (11D
Then, we have
ov

N
oz *W%*z%Tf
= —pé(|z|)|zY

1/p
+ (s alaie)  a(u)"*

Applying Young’s inequality to the right-hand side, we obtain
ov
Gt < = (- L+ 9) alablal™ + 5(0u)
< —a(lz]) + o (ful)
Since ¢(1 4 ¢) — p = ¢ holds, we arrive at
(1 +d)alel) = 5(Jul) =
ov
Ox

A

—pa(|z|) + g5 (|ul)

(q(1+0) — pa(|z]) = daf|z])
(1 +d)a(lz]) < o(lul) =

%Z f > (q(1+6) = pa(jz]) = da(le]) .

Thus, we have (46) by virtue of (106). The choice (107) of
p implies N/p > 1, so that V given by (108) is C'. The
function f,4 is Lipschitz at each point in R™ due to N/g >0
and the class C! property of & on (0,00). The function fp
is also locally Lipschitz in 2 on R™ since G(s)'/? is C! on
(0,00) and bounded on R . To verify the local Lipschitzness
with respect to u € R™, we first obtain J@Q = ¢ from (107).
Next,

5(s)" 7 = a(e)'/9(5(s)/a (€)% s| , Vs e[0,€]

follows from o € O(> 0). This function 5(s)'/¢ is con-
tinuously differentiable in the interval (0, €] since G(s)?/? is
class C'. The function &(s)'/9 is also Lipschitz at zero since
Q/q > 0. The identity

5(5)1/11 _ 6(5)1/q‘5‘J/q

Vs € [e,00)

together with ¢ > 1 and J > 0 guarantees that &(s)'/9 is
C! at each s € [¢,00) due to the continuous differentiability
of &(s)'/9. Hence, the function fp is locally Lipschitz at all
u e R™.

APPENDIX B
PROOF OF THEOREM 4

We first deal with S; and Sy given by (48) and we begin
with proving (ii).
(ii) Suppose that (51) is not satisfied for each ¢ = 1,2. This
assumption is equivalent to

liminf o;(s) < oo A
§—00

liminf o;(s) < lim o;(s) + sup o.(s)
S— 00 S§— 00 SER+

for : = 1,2. Due to o; € K and o,; € Py, there exist v; > 0,
w; > 0 and §; > 0 for ¢ = 1,2 such that
(1 + 51)0[1(8) < 0'1(11)2) + JTl(vl)v
(1 —+ 52)0[2(5) < 0'2(11)1) + 07«2(1)2),

Vs € {hll,hlg,...}
Vs € {hgl,hgg,...}

hold for some increasing sequences hy,, — oo and hg,, —> 00
satisfying h11, ho1 > 0, respectively. For all integers j and k
satisfying h1; > wy and hoy > wo, the properties
|z1| = haj, 2| > hop =
(I+61)en(|21]) < or(|22]) + ori(lr1])
|z1] > haj, |z2] = hok =
(L1+02)az(|z2|) < o2(|z1]) + ora(|ral)
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hold as long as q and r9 satisfy |r1| > v1, |r2| > vs. Lemma 1
with replacement of o (|u|) with o;(|u;|)+0.i(|r:|) guarantees
the existence of f1(z1,u1,71), fo(x2,uz,72): R™ x R™i x
Rk — R, C! functions Vi, Vo: R™ — R and Q. g, O,
as € Ko such that 3; € Si(ni,ai,ai,ari) and

a,(@i]) = Vi(wi) = ai(|z4]) (112)
(1+0i)ai(|zi|) < oi(|wa—il) + ovil|ri]) =
Wi s (|zs])
axiﬂ> 0 (|

hold for 7 = 1, 2. These systems >; and X5 satisfy

AV,
1| = hyj, 22| > oy = a—xifl > G (|z1]) (113)

oVs
|l’1| 2 h1j7 |’I’2| = th- = szfQ > 610&2(‘%2” (114)

for all |ry| > vy, |re| > ve. Define

U(ll,lg) = {(.2?1,1‘2) cR™ x R™ :
Vilas) > a(ls),i = 1,2} .(115)

Due to (112), the pair of (113) and (114) implies that tra-
jectories starting from (z1(0),22(0)) € U(hij, hoy) stay in
U(hij, ho) forever if |ri| = v, and |r2] = ve hold for all
t € R;. The trajectories remain in U(h;;, hoy) for the same
ry and ro however large hy; and hgy are. This invariance
property implies that the interconnected system does not have
finite gain in terms of ISS [22].

(i) Suppose that (50) does not hold for ¢ = 1,2. There exist
w;, 6; > 0 for ¢ = 1,2 such that

(1 + (51)0(1(8) < 0'1(’11)2),
(1 + (52)042(8) < 0'2(’11}1)7

Vs € {hll,hlg, }
Vs € {hghhgg, }

are satisfied for some increasing sequences hi, — oo and
ho, — oo satisfying hi1, hoy > 0, respectively. Lemma 1
guarantees the existence of ¥; € S;(n;,a;,0;), i = 1,2,
such that (113) and (114) hold. Trajectories starting from
U(hyj, hor) remain in U(hy;, hoy) for arbitrary hq; and ho.
Therefore, the interconnection is not 0-GAS.

In the case of (49), by assumption there exist M; > 1 and
L; > 0 such that o; € O(M;) and o; € O(L;) hold for
i = 1,2. Define &; = a;(s%) and &; = o;(s%3-) for some
K; > 1,1 =1, 2. Then, there exist continuous functions &;, &;
: Ry — R, such that

&i(|zi|) = Gq(|za]) ||V, Ny = K;M; > 1

Gi(|s—i]) = 6i(|lzs—il)|zs—i|”', Ji = Ks_iL; >0
hold for i = 1,2. Since «; and o; are C!, the functions ¢&;
and &; are also C! on (0,00). Lemma 1 yields a Lipschitz
continuous time-invariant system Y; € S;(n;, &y, 5i,004)
with V;(z;) = |z;|%¢ for each i = 1,2. The property
Si(ng, &, 04, 00;) = Syi(ng, a;, 04, 0,;) completes the proof.

APPENDIX C
PROOF OF THEOREM 5

The following deals with (48). The technique to deal with
(49) is the same as Theorem 4.
(i): Assume «; € K temporarily and let &; = oy, i = 1,2.

Suppose that there exists 11 € (0,00) such that

0100&2_1002(11) Zal(ll) (116)

holds. Pick I € (0,00) so that ay ' 0 oa(ly) > 1 > o7t o
aq(ly) is satisfied. Using ag,01 € K, we obtain as(ly) <
0'2(11) and Oq(ll) S O’l(lg). SllppOSG |T‘1(t)| = ‘Tg(t)‘ =0
for all ¢ € Ry. Lemma 1 guarantees the existence of two
time-invariant systems ; € Si(ni,a1,01,0.1) and Yo €
Sy (ng, e, 09, 0r2) achieving (112) and

Vi

i(|lzi]) < oi(lza—i|) = =—fi >0

a;(|zi]) < o(|lws—il) 8xif
for ¢ = 1, 2. This leads to the following:
9%

lz1] = b, \$2|212=>871f120 (117)
Z1
9%

21| > 1, \x2|=l2:>8—2f220. (118)
o

Define U(ly,l2) as in (115). Due to (112), the property char-
acterized by (117) and (118) implies that trajectories starting
from z(0) € U(ly,l3) remain in U(ly,l3). This invariance
contradicts the 0-GAS. Next, consider the case of a; € P\ K.
Suppose that

i, a2 €K, i=1,2
@;1(8) > aia(s), VsE€Ry, i=1,2
hold. Then, if there exists {1 € (0, 00) such that

o1oay; 00o2(l1) > ark(l) (119)

holds for £ = 1, the same [; also satisfies (119) for k = 2.
This property implies that the negation of (53) implies the
existence of 1 € (0,00) satisfying

o10day ooa(ly) > ar(lh) (120)

for all &; € K fulfilling (54). Define Iy € (0,00) satisfying
ay ' ooy(l) 21y > 07 odn(ly). If

a;i(l;) = ai(ly),

holds, the argument given above for «; € K, i = 1,2 leads
to the existence of a pair of systems whose interconnection is
not 0-GAS. Suppose that there exists /; € (0,00) such that

dl(ll) < al(ll) (122)

and (120) hold for “all” &; € K fulfilling (54). Then, &1 (1) <
o1(l2) holds with any as € K fulfilling (54), which implies
that there exists [; € (1, 00) such that a;(I;) < o1 (l2) holds.
If (120) and

i=1,2 (121)

6&2([2) < Oég(lg) (123)

hold for all &; € K fulfilling (54), there exists Iy € (I3, 0)
such that as(l2) < o9(l1) holds. If (122) and (123) are sat-
isfied simultaneously, we have oy (I;) < a1 (l2) and as(ly) <
o2(l1). Hence, the rest of the proof is the same as the case of
a; €K, 1=1,2.

(ii): Consider the case of 0,1,0.0 € K. In order to prove
the claim by contradiction, assume that (56) is violated for
all pairs of w; € Ko, ¢ = 1,2. First, suppose that there
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exists I3 € (0,00) such that (116) holds with all &; € K
fulfilling (54). Then, the claim (i) proves that x = 0 is not
guaranteed to be GAS, which implies that the interconnection
is not ISS. Next, we suppose that there are no I; € (0,00)
and no a; € K satisfying (116) and (54). Since all pair
of w; € Ky, @ = 1,2 violate (56), there exist continuous
functions w;,ws : Ry — R, and a non-empty set Y such
that

(Id +wi) 001 0dy "o (Id +ws) 0 0a(s) = i (s),
Vs e Ry (124)
Id + wi,Id + wy € Ko

lim w;(s) <oo, VjeYC{L2} (125)

are satisfied for some &; € K fulfilling (54). The property
(125) yields

lim w; o0,(s) < oo . (126)

S— 00

Since 0,1 and o9 are of class K, there exists R; € (0, 00)
such that

lim w; 0 0;(s) < ori(|r;]), Vs € Ry, Vir[ > Ry

S§—00

holds for all j € Y. Let /; be a real number in (0, co), which is
now given arbitrarily in contrast to the (i) case. Define lo(l1) =
dy ' o (Id + wa) 0 ga(l1) which is of class K. Due to (124),
we have &g(lg(ll)) = (Id+w2) o O'Q(ll) and 6(1(l1) = (Id—|—
w1) o o1(l2(l1)). By replacing o with o; + 0,; in Lemma 1,
we obtain X; € S;(n;, &;,0;,0.;), such that (112) and

v,
oz, fi=0
hold for ¢ = 1,2. This leads to (117) and (118) for all
|rjl > R;, j € Y and ry =0, k € {1,2} \ 'Y since we have
(127). Define U(ly,l2) as in (115). The inequalities (117) and
(118) imply that trajectories starting from U(ly,l2) remain in
U(ly,12) as long as |rj(t)] > R; and 74(t) = 0 hold. Recall
that /; is arbitrary in (0,00), and independent of R;. The
trajectories for the fixed input |r;(t)] = R; < oo does not
leave U(ly,l5) no matter how large [y is. This violates the
ISS property [22]. Therefore, the interconnected system X is
not ISS when (56) is violated for all pair of w; € K and all
&; € K fulfilling (54), ¢ = 1,2. Note that a;; € P\ K can
be handled as in (i). In the case of 0,; & Koo, use w;(s) =0
and r;(t) = 0. The property &;(l;) < oi(ls—;) + ori(|rs]) is
replaced by &;(l;) < o;(l3-;).

(127)

ai(|zil) < oi(lzs—il) + oril|ri]) =

APPENDIX D
PROOF OF THEOREM 6

(ii): The logical sum of (JI), (J2), (J3) is equivalent to the
logical sum of
(N1) lim as(s) =00 A
T {slin;o ay(s) =00 V SILHJO o2(s) < oo}
(N2) Slgroloag(s) <oo A Sli}ngool(s) < 00
under the assumption (80). We first prove the claim in the

case of (NI). For notational simplicity, we use the following
notations:

w) = k1, Wy =Wy, To2=Ty, OG=a3, O03=02

Replace o,; by 5,; € K satisfying 0,;(s) < 7,;(s) for all
s € Ry, i = 1,2. Due to (83), we can pick a class K
function 7,.; fulfilling

-1 1 -1
w,oT; © — — 7. €Ks

i97; diow; o,

for each ¢ = 1,2. The rest of the proof does not involve &,;
and 7,; if o,;(r;) is identically zero. Define

0:(s) = a;0d; foT06:(s), s€[0,Y) (128)
0.:(s) = @; o &i—lo Tri 0 0ri(8), s€[0,Y,;)
Y; = lim 67 o7t o Gy(s)
S5—» 00
00 ,if lim Gy(s) > lim 7,4 05y
Y. 1= ) 1 s—_>;1>o R §—00 )
" 515120 G, oT,; od&i(s) , otherwise

Yy =00, Yig=00

for i = 1, 2. The function A (s) given by (81) satisfies A1 (s) >
0 for all s € (0,00) and it is non-decreasing on R since (85)
and (86). Define non-decreasing functions Ag1, Agr1 : Ry —
R+ by

_f Aobi(s) , s€[0,Y7)
“”Q—{lmﬁmAﬂﬁ selo) P
_f Aob(s) , s€0,Y0)

)\Orl (5) - { 1ims—>oo )\1(8) , sE€ [le,oo) ) (130)

By virtue of (73), &1(c0) > 71 ‘o &;(00) holds if and only if
& (00) < o0o. Thus,

YI<ooVYi<oo =
lim G;1(s) < o0 =

S5—» 00

lim A\ (s) < oo (131)
S—> 00

follows from (81). The function Ay(s) given by (82) is a
non-decreasing function satisfying A2(s) > 0 for all s €
(0,00) under (85) and (87). Define non-decreasing functions
)\92, Aor2 - R+ — R+ by

Ag2(8) = Ao 0 0a(s), Agra(s) = Ag0b,a(s), se R, .
We obtain

M(Vi{—éa(|z1]) + o1 (|z2]) + ori(Ira)}

< =My (Jz1])) [wy o 7y o @ (o) — 7y todn (|21 )]
+Ao1(|z2])1(|22]) +Aor1 (Ir1])Gr1 (|r1]) (132)

A2 (Vo) {—aa(|z2]) + G2(|21]) + or2(|ra])}

< —Xo(as(|z2l)) [wy 075 to da(|za]) — Trp b (|22)]
+Ao2(|z1])2(|21])+Aor2(|r2])Gra(|r2]) (133)

by combining calculations in individual cases divided by
&;(|zil) = Ti0di(|ws—il), di(|zi|) < 7iobi(|ws—il), Gillws]) =
Tri00ri(|7i]) and &;(|z;|) < 70,:(|r;]). Thus, the inequality
(90) is fulfilled with

aeri(8) =iy (s)) [gioq_loézi
—5iogio7'flodio@;10 7 —Tglodi] (134)
oet,i(8)=Aori(|s])Tri(]s]) (135)
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if A\; and Ao satisfy

Ao1(8)51(s)

< Aa(an(s)) [52 owsy 0 7'2_10 Qg 0 5(2_10QQ(S)] (136)
Ao2(8)02(s)

< Ay (s)) [(51 ow; o Tflo Qq 0 o?flogl(s)] (137)

for all s € Ry. Here, §; ow,; € K is used. Consider the
following three conditions.

o2(s) [61 0 ayto 02(s)] [Ao1 o ay'o 0(s)]
< Ar(ay(s)) [02 0 wy © 02(s)]
(610w o todroar oy (s)], sERy
[Ao1(s)] 61(s) = Aa(as(s))
. [52 owy 0 T{lo Qo 0 d;log2(8)] , s €[0,Y7)(139)
[Ao1(s)] 01(s) < Aa(as(s))
[62 0wy 0 75 to Gy o &2_10@2(5)} , s €[Y1,00) (140)

(138)

The pair of (139) and (140) implies (136). If (71) is are
satisfied, we have 7106 oggloﬁz(s) < G4 (s). This inequality
together with the definition Y; implies lim,_, oo ay 'o 0 (s) <
Yi. Thus, substitution of (139) into the left hand side of (138)
results in (137). Hence, the proof is completed if \;, ¢ = 1,2
given in (81)-(82) solve (138), (139) and (140). Combining
(81) with (82), we arrive at (139). Due to (82), (131) and the
definition of A1, the property (86) leads to (140). On the other
hand, from (71), (88) and (89) it follows that A\ in (81) solves
(138). In the (N2) case, 61(00) < oo follows from (75). The
property (91) guarantees A;(c0) < oo, ¢ = 1,2, in (81) and
(82). Define o ; = Ai(00)o,; € Py, and we do not need Ori.
(i): The properties (76) and (77) allow us to define 05 as in
(128) with Y5 = oo. If &1 € K4 holds, 8; can be defined
as in (128) with Y; = co. When &3 ¢ K, and (M1) hold,
the properties (71) and (73) imply 71 0 61(00) = 61(00) =
é1(00). Thus, 67 can be defined as in (128) with Y7 = oo
When &1 ¢ Ko and (M2) hold, the property (76) implies
61(00) > 71 to @1 (00) yielding A (00) < co. Although 6 (s)
defined by (128) is finite for Y7 < oo, the function Ay (s)
defined by (129) is finite for all s € R,.
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